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Abstrat. The artile reviews the general version of the Bohr olletive model for the
desription of quadrupole olletive states, inluding a detailed disussion the model's
kinematis. The quadrupole oordinates, momenta and angular momenta are dened
and the struture of the isotropi tensor elds as funtions of the tensor variables
is investigated. After the omprehensive disussion of the quadrupole kinematis,
the general form of the lassial and quantum Bohr Hamiltonian is presented. The
eletri and magneti multipole moments operators ating in the olletive spae are
onstruted and the olletive sum rules are given. A disussion of the tensor struture
of the olletive wave funtions and a review of various methods of solving the Bohr
Hamiltonian eigenvalue equation are also presented. Next, the methods of derivation
of the lassial and quantum Bohr Hamiltonian from the mirosopi many-body
theory are realled. Finally, the mirosopi approah to the Bohr Hamiltonian is
applied to interpret olletive properties of twelve heavy even-even nulei in the Hf-Hg
region. Calulated energy levels and E2 transition probabilities are ompared with
experimental data.
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1. Introdution
The story of the Bohr olletive Hamiltonian seems to go bak to 1879, long before
the disovery of atomi nulei, when Lord Rayleigh [1℄ showed that the time dependent
oeients, αλµ(t), in equation
R(θ, φ; t) = R0
(
1 +
∑
λ,µ
αλµ(t)Y
∗
λµ(θ, φ)
)
(1.1)
of the surfae of an inompressible liquid drop in the spherial oordinates R, θ, φ play
the role of normal modes of small osillations of the surfae around a spherial shape.
The next milestone was the liquid drop model of an atomi nuleus [2℄  an objet
known already at that time. It allowed Flügge [3℄ to apply the Rayleigh normal modes
to a lassial desription of low-energy exitations of spherial nulei. The model of
Rayleigh and Flügge was quantized by Aage Bohr [4℄ who formulated in this way the
quantum model of surfae vibrations of spherial nulei. It was Aage Bohr also, who
introdued the onept of the intrinsi frame of referene for the quadrupole nulear
surfae and replaed the variables α2µ by the Euler angles and parameters β and γ
(nowadays often alled the Bohr deformation parameters) whih desribe the surfae
in the intrinsi system. Afterwards, Bohr and Mottelson [5℄ generalized the model to
vibrations and rotations of deformed nulei. A generalization of the Bohr Hamiltonian
to desribe large-amplitude olletive quadrupole exitations of any even-even nulei
was proposed by Belyaev [6℄ and Kumar and Baranger [7℄. This general form of the
Bohr olletive Hamiltonian is skethed in Volume 2 of the Bohr-Mottelson book [8℄. In
the meantime several spei forms of the olletive Hamiltonian intended to desribe
the olletive exitations in nulei of dierent types were proposed [9, 10, 11, 12, 13, 14℄.
All that belongs to the past. During the last deades of the twentieth entury and
in the beginning of the twenty rst entury, a great progress in the development of
mirosopi many-body theories of nulear systems took plae. However, it is still not
possible for the self-onsistent Hartree-Fok-Bogolyubov approah, employing single-
partile degrees of freedom, to diretly desribe the olletive phenomena in nulei. One
of the methods whih an be used in order obtain suh a desription is the Adiabati
Time Dependent Hartree-Fok-Bogolyubov theory (ATDHFB) [6, 15, 16℄, whih in the
ase of the quadrupole oordinates leads to the Bohr Hamiltonian. On the other hand,
the Random Phase Approximation (RPA) (f [17, 18℄ for its appliation to nulear
physis) is not able to explain a large amplitude olletive motion beause it assumes
harmoniity of the exitations. The other method whih an extend a mirosopi
approah to the olletive phenomena is the Generator Coordinate Method (GCM)
[19℄. In its Gaussian Overlap Approximation (GOA) [20, 21℄ the GCM also yields the
Bohr Hamiltonian [22, 23℄. The integral Hill-Wheeler equation of the GCM without
this approximation for all ve quadrupole generator oordinates is onsiderably more
diult to solve [24℄.
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It is not an intention of the present artile to review all appliations of the Bohr
Hamiltonian used to desribe the nulear quadrupole olletive exitations whih have
been done hitherto. Neither is the full list of publiations on this subjet ompiled here.
Rather the review fouses on the Bohr Hamiltonian itself. Setion 2 ontains a detailed
disussion of the kinematis of the quadrupole degrees of freedom. Tensor properties
of the oordinates and momenta themselves are a subjet, whih goes far beyond the
Bohr Hamiltonian model. The disussion is based on the onept of the isotropi tensor
elds presented in Appendix A. The tensor algebra and analysis allow us to investigate
in setion 3 the possible most general form of the Hamiltonian and other observables.
Moreover, the tensor struture of the olletive wave funtion with a denite spin is
presented. In setion 3 we also reall some analytially solvable examples of the Bohr
Hamiltonian and we briey review dierent methods of solving the eigenvalue equation
of the general Hamiltonian. A spei version of the olletive model is determined by
several salar funtions whih dene the Hamiltonian and all other observables. Within
the phenomenologial approah to the olletive model the parameters of all these salar
funtions are xed using experimental data on properties of the olletive exitations.
Obviously, there is another possibility, that all the neessary tensor elds, suh as the
olletive potential, the inertial funtions, the moments of harge distribution and the
gyromagneti tensors, are derived from an underlying more fundamental theory. Among
others, the lassial or semi-lassial theories or models, suh as dierent versions of
the liquid drop model (e.g. [3, 25, 26℄) or the Thomas-Fermi model [27, 28℄ an be
used and beause of suh a possible lassial bakground the Bohr Hamiltonian is
usually qualied as the geometrial model. However, we fous here on the quantum
methods of derivation of the Bohr Hamiltonian from a mirosopi many-body theory.
In setion 4 the ATDHFB theory, whih leads to the lassial (at the intermediate stage)
olletive Hamiltonian, and the Generator Coordinate Method, whih gives the quantum
Hamiltonian diretly, are realled and their appliation to the olletive quadrupole
Bohr Hamiltonian is presented. The setion ends with an example of alulations whih
illustrates the entire reviewed approah that leads from a mirosopi theory through the
Bohr Hamiltonian to the desription of the olletive quadrupole exitations in several
even-even nulei (
178
Hf 
200
Hg). Some important properties of the ATDHFB inertial
funtions are disussed in Appendix B.
2. Quadrupole olletive oordinates
The fundamental assumption of the Bohr olletive model applied to the desription
of the quadrupole olletive states is that the dynamial variables (oordinates) form
a real quadrupole eletri, i.e. of the positive parity (f Appendix A.1), tensor α
(E)
2
(the supersript (E) will be omitted below). It is not neessary to give the tensor α2
a geometrial interpretation. In partiular, the interpretation of α2 oming from (1.1),
even if often used, is not needed. Thus, referring to the model as to the geometrial
model is, in general, unjustied. Indeed, at the present time the Bohr model with
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some speial forms of the olletive Hamiltonian is formulated and treated simply as an
algebrai olletive model (f e.g. [29, 30, 31℄).
2.1. The laboratory oordinates
Let the ovariant omponents α2µ (µ = −2, . . . , 2) of a tensor α2 in the laboratory
system Ulab form a set of ve independent dynamial variables. Although in general,
it is onvenient to use omplex oordinates, there are, in fat, ve real oordinates
a2µ (µ = 0, 1, 2) and b2µ (µ = 1, 2) whih are respetively the real and imaginary parts
of α2µ (see (A.7) for denition). The volume element in the spae of these oordinates
is (f (A.14))
dΩ =
2∏
µ=0
da2µ
2∏
µ=1
db2µ. (2.1)
The ovariant momentum tensor and the ontravariant momentum Hermitian adjoint to
it (f (A.22) and (A.23)) are πˆ2µ = −i~∂/∂α∗2µ and πˆ†2µ = −i~∂/∂α2µ, respetively. The
angular momentum vetor onneted with rotations in the physial three-dimensional
spae, expressed by the ve omponents of the quadrupole tensor, reads (f (A.26))
Lˆ1ν ≡ Lˆ(2)1ν = i
√
10 [α2 × πˆ2]1ν . (2.2)
2.2. The intrinsi oordinates
Apart from, perhaps, the ase of the ve-dimensional harmoni osillator Hamiltonian
[4℄, the laboratory oordinates are not used in pratie. Usually, one introdues the
system of prinipal axes of the tensor α2, Uin, alled the intrinsi system. The orientation
of Uin with respet to Ulab is given by the three Euler angles, ϕ, ϑ, ψ. For given
laboratory omponents α2µ the Euler angles are dened through the three impliit
relations: ∑
µ
D2∗µ±1(ϕ, ϑ, ψ)α2µ = 0, (2.3a)∑
µ
D2∗µ2(ϕ, ϑ, ψ)α2µ =
∑
µ
D2∗µ−2(ϕ, ϑ, ψ)α2µ (2.3b)
whih imply vanishing of the following real and imaginary parts of the intrinsi
omponents α
(in)
2µ′ of α2:
a
(in)
21 = b
(in)
21 = b
(in)
22 = 0. (2.4)
The two remaining real parts of the intrinsi omponents are
a
(in)
20 ≡ a0 =
∑
µ
D2∗µ0(ϕ, ϑ, ψ)α2µ, (2.5a)
a
(in)
22 ≡ a2 =
1√
2
∑
µ
(
D2∗µ2(ϕ, ϑ, ψ) +D
2∗
µ−2(ϕ, ϑ, ψ)
)
α2µ. (2.5b)
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These oordinates are usually parametrized by two parameters, β and γ (0 ≤ β < ∞,
−π ≤ γ ≤ π) dened by the relations
a0 = β cos γ a2 = β sin γ. (2.6)
The parameters β and γ, ommonly known as the Bohr deformation parameters, play
the role of polar oordinates in plane (a0a2) (see gure 1). In equations (2.3a), (2.3b),
(2.5a) and (2.5b) the Wigner funtions with ν 6= 0 appear in the following ombinations
denoted as
D2(±)µν (ϕ, ϑ, ψ) =
1√
2
(
D2µν(ϕ, ϑ, ψ)± (−1)νD2µ−ν(ϕ, ϑ, ψ)
)
. (2.7)
Relations (2.3a), (2.3b), (2.5a) and (2.5b) dene the transformation
α2µ(a0, a2, ϕ, ϑ, ψ) = D
2
µ0(ϕ, ϑ, ψ)a0 +D
2(+)
µ2 (ϕ, ϑ, ψ)a2 (2.8)
from the intrinsi oordinates a0, a2, ϕ, ϑ, ψ to the laboratory ones  α2µ (µ =
−2, . . . , 2). The Jaobian of this transformation is, up to a onstant oeient, equal
to (f [32℄)
D(a0, a2, ϕ, ϑ, ψ) =
∣∣∣∣D(α2−2, . . . , α22)D(a0, a2, ϕ, ϑ, ψ)
∣∣∣∣ = |X(a0, a2)| sinϑ (2.9a)
X(a0, a2) = a2(3a
2
0 − a22)a2(
√
3a0 + a2)(
√
3a0 − a2) = β3 sin 3γ. (2.9b)
The transformation (2.6) to the polar oordinates β and γ adds the fator β to the
Jaobian (2.9b) sine da0da2 = βdβdγ. For values of the intrinsi oordinates for whih
the Jaobian is not equal to zero the transformation is invertible, meaning that the
intrinsi frame an be dened. The inverse transformation is given by impliit funtions
of the Euler angles. The Jaobian vanishes on the three straight lines in the (a0a2) plane
speied by the onditions
ax = 0 or γ = 0,±π ay = 0 or γ = π/3,−2π/3 az = 0 or γ = 2π/3,−π/3(2.10)
where
ax = −1
2
(√
3a0 + a2
)
= β sin γx ay =
1
2
(√
3a0 − a2
)
= β sin γy
az = a2 = β sin γz and γx = γ − 2π/3 γy = γ + 2π/3 γz = γ. (2.11)
The lines interset at the point a0 = a2 = 0 (β = 0) and divide the plane into six setors
as is shown in gure 1. At the boundaries of these setors the intrinsi frame annot be
uniquely dened. The reason is that the tensor α2 is then axially symmetri (f (A.2)).
As will beome lear, the appearane of the three lines, instead of only one, on
whih the Jaobian vanishes, reets the fat that equations (2.3a) and (2.3b) dene, in
general, three mutually perpendiular axes in the three dimensional spae but not their
ordering (say x, y, z) nor their arrows. This means that the axes are dened up to a
disrete group of 48 transformations Ok, k = 0, . . . , 47, hanging the names and arrows
of the axes. The group is the symmetry group of a ube and is denoted by Oh (f [33℄).
Traditionally, one generates all the 48 transformations Ok ∈ Oh by three so alled
Bohr's rotations, R1, R2, R3, and the inversion P (other sets of generators an also
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b
(β0, γ0)
b
(β0,−γ0)
b
(β0, 2pi/3+γ0) b
(β0, 2pi/3−γ0)
b
(β0,−2pi/3+γ0)
b
(β0,−2pi/3−γ0)
γ
=
pi
/3
γ
=2pi
/3
γ
=
−
pi
/3
γ
=
−
2pi
/3
a0
a2
γ= ± pi
ay=0ax=0
γ=0 az=0
Figure 1. Three straight lines: ax = 0, ay = 0, az = 0 (or six rays: γ = 0, γ = ±π/3,
γ = ±2π/3, γ = ±π) going through the origin of the oordinate system and dividing
the (a0a2) plane into the six setors. Eah point of the polar oordinates (β0, γ0)
loated in the setor 0 ≤ γ ≤ π/3 has ve twin points in the remaining ve setors.
All these six points of polar oordinates (β0,±γ0), (β0,±2π/3± γ0), marked with full
irles, are equivalent to eah other. This means that any intrinsi omponent of a
tensor eld at one of these points is a linear ombination with onstant oeients of
the intrinsi omponents of the same eld at any other of the remaining ve points. It
is therefore suient to onsider tensor elds in one setor only. Usually, the shadowed
setor, 0 ≤ γ ≤ π/3, is onsidered.
Table 1. Generators of the Oh group of transformations of the oordinate system.
The index k numbers the transformations. The angles ̟k, ̺k, ςk are the Euler angles
dening the orientation of the oordinate system after the transformation Ok. The
oordinates xk, yk, zk dene the position with respet to the transformed system.
Transformation The Euler angles Coordinates
k Desription Ok ̟k ̺k ςk xk yk zk
0 Identity E 0 0 0 x y z
1 Bohr's R1 π π 0 x −y −z
2 rotat- R2 0 0 π/2 y −x z
3 ions R3 0 π/2 π/2 y z x
24 Inversion P 0 0 0 −x −y −z
be hosen). Denitions of the Bohr's rotations are given in table 1. The twenty four
unimodular transformations (rotations) Ok for k = 0, . . . , 23, whih are the produts
of the Bohr's rotations are listed in [35℄ (but the numbering in [35℄ is dierent from
that used in this paper). The remaining twenty four transformations an be formed by
omposing the unimodular ones with the inversion.
Bohr olletive Hamiltonian 7
Table 2. Transformation rules of a2µ and b2µ under R1, R2 and R3. The real and
imaginary parts of the α2 omponents transformed by Rk are denoted by a
(k)
2µ and b
(k)
2µ .
Deomposition into two irreduible representations of the group O, E and F2, is also
shown.
E F2
k Ok a
(k)
20 a
(k)
22 a
(k)
21 b
(k)
21 b
(k)
22
0 E a20 a22 a21 b21 b22
1 R1 a20 a22 −a21 b21 −b22
2 R2 a20 −a22 b21 −a21 −b22
3 R3 − 12a20 +
√
3
2 a22 −
√
3
2 a20 − 12a22 −b21 b22 −a21
24 P a20 a22 a21 b21 b22
The transformation rules of the tensor α2 under the Oh transformations are
presented in table 2. Sine the tensor α2 has the positive parity, it is insensitive to
the inversion of the oordinate system. For α2 it is therefore suient to onsider
only the SO(3) group of rotations. The ve-dimensional irreduible representation D(2)
of SO(3) an be deomposed into two irreduible representations, E and F2, of the
otahedral group O. These irreduible representations are idential with representations
of Oh [33℄. This is lear from table 2, where the transformation rules of the real and
imaginary parts of α2µ under the Bohr's rotations are shown. The bases of the irreduible
representations E and F2 are easily identied. Clearly, a20 and a22 form a basis of the
two-dimensional irreduible representation E of O, whereas the omponents −a21, −b21,
b22 form a basis of the three-dimensional irreduible representation F2. This makes
obvious that equalities (2.4) are invariant under the Oh transformations.
When names and arrows of the intrinsi axes are hanged, intrinsi oordinates a0,
a2 (or β, γ), ϕ, ϑ, ψ of (2.8) are transformed aordingly. Changes of the deformation
parameters and of the orientation angles under the O transformations are given in table
3. Values of the Euler angles ϕ3, ϑ3, ψ3 after the irular permutation R3 of the intrinsi
axes an be found from the following equations given in [34℄:
cosϑ3 = − sinϑ cosψ sinϑ3 sinψ3 = cosϑ cos (ϕ3 − ϕ) = cosψ sinψ3. (2.12)
The Wigner funtions of the Euler angles ϕk, ϑk, ψk giving the orientation of the
rotated intrinsi system are related to those of the Euler angles ϕ, ϑ, ψ of the orientation
of the initial intrinsi system by the following superposition formula [34℄:
Dλµν(ϕk, ϑk, ψk) =
∑
µ′
Dλµµ′(ϕ, ϑ, ψ)D
λ
µ′ν(̟k, ̺k, ςk) (2.13)
where ̟k, ̺k, ςk with k = 0, 1, 2, 3 are the Euler angles of the orresponding rotation.
In order to present the ontravariant and ovariant momentum tensors as dierential
operators in the intrinsi variables, one should rst alulate the derivatives of the
intrinsi oordinates with respet to the omponents of the tensor α2 using relations
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tive Hamiltonian 8
Table 3. Transformations of the Bohr deformation parameters and of the Euler angles
dening the orientation of the intrinsi axes with respet to the laboratory axes under
the Bohr's rotations Rk, k = 1, 2, 3, of the intrinsi oordinate system. The Euler
angles ϕ3, ϑ3, ψ3 giving the orientation of the intrinsi system with axes permuted
irularly an be found from equations (2.12).
Bohr's rotation Deformations The Euler angles
k Ok ̟k ̺k ςk βk γk ϕk ϑk ψk
0 E 0 0 0 β γ ϕ ϑ ψ
1 R1 π π 0 β γ ϕ± π π − ϑ −ψ
2 R2 0 0 π/2 β −γ ϕ ϑ ψ + π/2
3 R3 0 π/2 π/2 β γ − 2π/3 ϕ3 ϑ3 ψ3
(2.3a), (2.3b) and (2.5a), (2.5b). The alulation is a bit tedious. Relations (2.3a) and
(2.3b), when dierentiated with respet to α2µ, yield a system of three linear equations
for the derivatives of the Euler angles from whih the derivatives themselves an be
alulated. Useful formulae for the derivatives of the Wigner funtions with respet to
the Euler angles an be found in [34℄. By dierentiating relations (2.5a) and (2.5b) with
respet to α2µ one obtains the derivatives of a0 and a2. The omplete alulation is
performed in [32℄. The nal result for the momentum tensor reads:
πˆ2µ = −i~
(
D2µ0(ϕ, ϑ, ψ)
∂
∂a0
+D
2(+)
µ2 (ϕ, ϑ, ψ)
∂
∂a2
)
+
iD
2(−)
µ2 (ϕ, ϑ, ψ)
2az
Lˆz(ϕ, ϑ, ψ)
− iD
2(−)
µ1 (ϕ, ϑ, ψ)
2ax
Lˆx(ϕ, ϑ, ψ)−
D
2(+)
µ1 (ϕ, ϑ, ψ)
2ay
Lˆy(ϕ, ϑ, ψ) (2.14)
where ax, ay, az are dened by (2.11), and
Lˆx(ϕ, ϑ, ψ) = − i~
(
−cosψ
sin ϑ
∂
∂ϕ
+ sinψ
∂
∂ϑ
+ cotϑ cosψ
∂
∂ψ
)
Lˆy(ϕ, ϑ, ψ) = − i~
(
sinψ
sin ϑ
∂
∂ϕ
+ cosψ
∂
∂ϑ
− cotϑ sinψ ∂
∂ψ
)
(2.15)
Lˆz(ϕ, ϑ, ψ) = − i~ ∂
∂ψ
are the Cartesian intrinsi omponents of the angular momentum. Indeed, from (A.26),
(2.8) and (2.14) one an derive the following relations
Lˆ
(in)
10 = Lˆz Lˆ
(in)
1±1 = ∓
1√
2
(
Lˆx ± Lˆy
)
(2.16)
between the laboratory and the intrinsi spherial omponents of the angular momentum
vetor:
Lˆ1µ =
∑
ν
D1µνLˆ
(in)
1ν . (2.17)
It should be remembered that the spherial intrinsi omponents of angular momentum
fulll the ommutation relations with the sign opposite to that of (A.29), namely
[Lˆ
(in)
1µ , Lˆ
(in)
1ν ] = +~
√
2(1µ1ν|1κ)Lˆ(in)1κ (2.18)
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and that these omponents ommute with the laboratory ones
[Lˆ
(in)
1µ , Lˆ1ν ] = 0. (2.19)
Using the deformation parameters instead of the intrinsi omponents one should replae
in (2.14) the derivatives with respet to a0 and a2 by the derivatives with respet to β
and γ:
∂
∂a0
= cos γ
∂
∂β
− sin γ 1
β
∂
∂γ
∂
∂a2
= sin γ
∂
∂β
+ cos γ
1
β
∂
∂γ
. (2.20)
It should be notied that both the laboratory and the intrinsi omponents of angular
momentum do not ommute with the Wigner funtions and that the order of D
2(±)
µν and
Lˆ
(in)
1ν in (2.14) is essential (this is not so in (2.17)  see [36℄). However, it is sometimes
onvenient to exhange their order using the ommutation relations. Doing so in the
formulae for the Hermitian adjoint momentum one obtains:
πˆ†2µ = −i~
((
∂
∂a0
+
√
3
2
(
1
ay
− 1
ax
))(
D2µ0(ϕ, ϑ, ψ)
)∗
+
(
∂
∂a2
+
1
2
(
2
az
− 1
ax
− 1
ay
))(
D
2(+)
µ2 (ϕ, ϑ, ψ)
)∗)
− i
2az
Lˆz(ϕ, ϑ, ψ)
(
D
2(−)
µ2 (ϕ, ϑ, ψ)
)∗
+
i
2ax
Lˆx(ϕ, ϑ, ψ)
(
D
2(−)
µ1 (ϕ, ϑ, ψ)
)∗
− 1
2ay
Lˆy(ϕ, ϑ, ψ)
(
D
2(+)
µ1 (ϕ, ϑ, ψ)
)∗
. (2.21)
Using the deformation parameters β and γ one should appropriately express the
derivatives and take the dependene of a0 and a2 on β, γ into aount. The following
relations are useful to this end:√
3
2
(
1
ay
− 1
ax
)
=
3 sin 2γ
β sin 3γ
1
2
(
2
az
− 1
ax
− 1
ay
)
=
3 cos 2γ
β sin 3γ
. (2.22)
At the end of the disussion of the intrinsi oordinates, let them be funtions of the
parameter t (time in the ase of lassial motion). The laboratory oordinates beome
then the funtions of t too. The derivatives of α2µ with respet to t read:
α˙2µ = a˙0D
2
µ0(ϕ, ϑ, ψ) + a˙2D
2(+)
µ2 (ϕ, ϑ, ψ)
−2iωxaxD2(−)µ1 (ϕ, ϑ, ψ)− 2ωyayD2(+)µ1 (ϕ, ϑ, ψ) + 2iωzazD2(−)µ2 (ϕ, ϑ, ψ) (2.23)
where
ωx = ϑ˙ sinψ − ϕ˙ sinϑ cosψ ωy = ϑ˙ cosψ + ϕ˙ sin ϑ sinψ ωz = ψ˙ + ϕ˙ cosϑ (2.24)
play the role of the intrinsi omponents of the angular veloity. The derivatives a˙0 and
a˙2 an be expressed by β˙ and γ˙:
a˙0 = β˙ cos γ − βγ˙ sin γ a˙2 = β˙ sin γ + βγ˙ cos γ. (2.25)
2.3. Funtions of the oordinates
The general rules presented in Appendix A for onstruting isotropi tensor elds of a
given tensor are applied here to the ase of the quadrupole tensor α2. In this ase one
has the following ve elementary tensors [37℄:
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(i) two quadrupole tensors
α2µ = ε
(1)
2µ (α2) (2.26a)
σ2µ = −
√
7/2[α2 × α2]2µ ∝ ε(2)2µ (α2) (2.26b)
(ii) two salars
σ0 = (α2 · α2) ∝ ε(2)00 (α2) (2.26)
χ0 = (α2 · σ2) ∝ ε(3)00 (α2) (2.26d)
(iii) one otupole tensor
χ3µ =
√
2[α2 × σ2]3µ ∝ ε(3)3µ (α2). (2.26e)
The elementary tensors are related to eah other by the single syzygy whih reads (f
[38℄):
[χ3 × χ3]6M =
√
6
3
{2χ0 [α2 × α2 × α2]6M
−3σ0 [α2 × α2 × σ2]6M + [σ2 × σ2 × σ2]6M} . (2.27)
Sine the intrinsi omponents α
(in)
2±1 = 0 (see (2.3a)), the only nonvanishing intrinsi
omponents of the elementary tensors are
α
(in)
20 = a0 = β cos γ α
(in)
2±2 =
1√
2
a2 =
1√
2
β sin γ (2.28a)
σ
(in)
20 = a
2
0 − a22 = β2 cos 2γ σ(in)2±2 = −
√
2a0a2 = − 1√
2
β2 sin 2γ (2.28b)
χ
(in)
32 = −χ(in)3−2 =
1√
2
a2(3a
2
0 − a22) =
1√
2
β3 sin 3γ. (2.28)
The salars σ0 and χ0 are the following funtions of a0 and a2, or β and γ:
σ0 = a
2
0 + a
2
2 = β
2 χ0 = a0(a
2
0 − 3a22) = β3 cos 3γ. (2.29)
Salar funtions depending on σ0 and χ0 an be treated as funtions of β and ζ = cos 3γ.
The fundamental tensors of a given even rank 2L (L = 0, . . .) are built up from
elementary tensors α2 and σ2 as follows:
τk 2L ≡ τ (n)2L =

α2 × · · · × α2︸ ︷︷ ︸
2L−n
×σ2 × · · · × σ2︸ ︷︷ ︸
n−L


2L
(2.30a)
for k = 1, . . . , L+1 (n = L, . . . , 2L), where k stands for the tensor onseutive number
and n  for its order in α2 (n = L+k−1). To onstrut the fundamental tensors of an
odd rank 2L+3 (the tensor with L = 1 does not exist) one aligns the even rank tensors
(2.30a) with the single elementary tensor χ3 (see (2.27)):
τk 2L+3 ≡ τ (n+3)2L+3 =

α2 × · · · × α2︸ ︷︷ ︸
2L−n
×σ2 × · · · × σ2︸ ︷︷ ︸
n−L
×χ3


2L+3
. (2.30b)
The ranges of l and n do not hange. Obviously, for the fundamental tensors, only
the intrinsi omponents with even magneti numbers are nonvanishing. An analyti
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formula for the intrinsi omponents of the fundamental tensors reated by aligning
several α2's alone is known [39, 40℄. It reads:
τ
(in)
1 2l 2m =

α2 × · · · × α2︸ ︷︷ ︸
l

(in)
2l 2m
= βlt2l 2m(γ) (2.31)
where
t2l 2m(γ) =
√
(2l + 2m)!(2l − 2m)!
(4l)!
(
l
m
)(√
6
)l−m
(cos γ)l−m
(
1√
2
sin γ
)m
×2F1
(
− l −m
2
,− l −m− 1
2
;m+ 1;
1
3
tan2 γ
)
(2.32)
with 2F1 being the hypergeometri funtion [41℄. Then, omparing (2.28b) with (2.28a)
one nds that
τ
(in)
l+12l 2m =

σ2 × · · · × σ2︸ ︷︷ ︸
l

(in)
2l 2m
= β2lt2l 2m(−2γ). (2.33)
The fundamental tensor with a given even rank 2L and the number k = n + 1 (n =
0, . . . , L) is reated by aligning the tensors (2.31) and (2.33) with ranks 2l = 2L− 2n
and 2l = 2n, respetively. To form the fundamental tensor of an odd rank, the third one,
namely χ3 of (2.28) should be aligned. For further use, it is onvenient to introdue
the `dimensionless' intrinsi omponents of the fundamental tensors whih depend only
on γ:
tn+12L 2K(γ) =
1
βL+n
τ
(in)
n+12L 2K = [t2L−2n(γ)× t2n(−2γ)]2L 2K (2.34a)
tn+12L+32K(γ) =
1
βL+n+3
τ
(in)
n+1 2L+32K =
[
tn+12L(γ)× 1
β3
χ3
]
2L+3 2K
. (2.34b)
An arbitrary isotropi tensor eld of the quadrupole tensor α2 has the following
struture:
TIM(α2) =
kI∑
k=1
fk(β, ζ)τkIM(α2, σ2, χ3) (2.35)
where
kI =
{
I/2 + 1 for even I
(I − 3)/2 + 1 for odd I (2.36)
and fk are arbitrary salar funtions. There is no vetor (tensor of rank 1) eld of α2.
In the speial ase of the quadrupole eld (I = 2), formula (2.35) an be dedued (see
[42℄) from the Hamilton-Cayley theorem for symmetri matries (f e.g. [43℄).
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A general form of a quadrupole symmetri bitensor eld‡, M2,2, an be found from
(2.35) and (A.17):
M2µ,2ν(α2) =
2∑
λ=0
2λ∑
n=λ
m(2λ)n (β, ζ)
2λ∑
K=−2λ
(2µ2ν|2λK)τ (n)2λK (2.37)
with the six arbitrary salar funtions m
(2λ)
n . Sine the fundamental tensors have the
nonvanishing omponents only with even projetions in the intrinsi system, the intrinsi
omponents M
(in)
2µ,2ν with odd |µ − ν| are equal to zero. Also, by virtue of (2.28a) and
(2.28b), the omponents diering in signs of both projetions are equal to eah other. In
onsequene, an arbitrary symmetri quadrupole bitensor has only six, and not fteen,
independent nonvanishing intrinsi omponents. It is onvenient to work with their
following ombinations:
Mx = −M (in)21,21 −M (in)21,2−1 M0 =M (in)20,20
My = +M
(in)
21,21 −M (in)21,2−1 M1 =
√
2M
(in)
20,22 (2.38)
Mz = −M (in)22,22 +M (in)22,2−2 M2 =M (in)22,22 +M (in)22,2−2.
These ombinations are expressed in terms of some salar funtions m0, m1, m2, m
′
2,
m3 and m4 (f [6℄) in the following way:
Mu = m0 −m1β cos γu −m2β2 cos 2γu for u = x, y, z (2.39a)
M0 = m0 +m
′
2β
2 +m3β
3 cos 3γ + (m1 +m3β
2)β cos γ
+ (m2 +m
′
2)β
2 cos 2γ +m4β
4 cos2 2γ (2.39b)
M1 = − (m1 +m3β2)β sin γ + (m2 +m′2)β2 sin 2γ
−m4β4 sin 2γ cos 2γ (2.39)
M2 = m0 +m
′
2β
2 +m3β
3 cos 3γ − (m1 +m3β2)β cos γ
− (m2 +m′2)β2 cos 2γ +m4β4 sin2 2γ (2.39d)
where the salar funtions appearing in (2.39a), (2.39b), (2.39) and (2.39d) are related
to the original salar funtions m
(2λ)
n in (2.37) by
m0 =
1√
5
(
m
(0)
0 −
1√
5
(
m
(4)
2 β
2 +m
(4)
3 β
3 cos 3γ +m
(4)
4
))
(2.40a)
m1 = −
√
2
7
(
m
(2)
1 +
√
2
7
(
m
(4)
3 β
2 + 2m
(4)
4 β
3 cos 3γ
))
(2.40b)
m2 = −
√
2
7
(
m
(2)
2 +
√
2
7
(
m
(4)
2 −m(4)4 β2
))
(2.40)
m′2 =
1
2
m
(4)
2 m3 =
1
2
m
(4)
3 m4 = m
(4)
4 . (2.40d)
‡ A quadrupole nonsymmetri bitensor eld is determined by speifying seven, and not six, arbitrary
salar funtions. For suh a eld one more term, namelym
(3)
3 (β, ζ)(2µ2ν|3K)χ3K(α2), should be added
to the right-hand side of (2.37).
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Notie that beause of the expliit dependene on β and γ given in (2.39b) to (2.39d)
the six ombination of the intrinsi omponents of M dened in (2.38) an be related
to eah other at some spei values of β and γ. For instane, at β = 0 one has
Mx = My = Mz = M0 = M2, M1 = 0, and at γ = 0 and arbitrary β it is Mx = My,
Mz =M2 and M1 = 0.
3. The Bohr olletive Hamiltonian
The present-day notion of the Bohr Hamiltonian is not very preise. It enompasses
a large lass of Hamiltonians of whih the original Bohr Hamiltonian [4℄ is only
a very speial ase. Here, the general Bohr Hamiltonian means a generi seond
order dierential Hermitian operator in the Hilbert spae of funtions of quadrupole
oordinates α2µ, µ = −2, . . . , 2. Hamiltonians of a similar type but in the spaes
of other olletive oordinates, suh as, for instane, the otupole deformations [32℄ or
the pairing variables [44℄, an be alled Bohr Hamiltonians as well, but they are not
onsidered in this review.
3.1. General form of the Hamiltonian
The olletive model arose from a lassial desription of nulear olletive phenomena
(f [3, 4℄). This is why a lassial Hamiltonian is often a starting point for its formulation.
Now we follow this approah and onstrut the most general olletive Hamiltonian
using the quadrupole oordinates and making some natural assumptions. We assume
the lassial Hamiltonian to be:
(i) a real funtion of oordinates α2µ and veloities α˙2µ
(ii) invariant under orthogonal transformations of the oordinate system (the O(3)
salar)
(iii) an isotropi eld (does not ontain material tensors)
(iv) a positive-denite quadrati form in the real and imaginary part of veloities a˙2µ
and b˙2µ.
A general form of suh a Hamiltonian reads
Hcl(α2, α˙2) =
1
2
∑
µ,ν
α˙2µB
µ ν
2 ,2 (α2)α˙2ν + Vcl(α2)
=
1
2
(α˙2 · B2,2(α2) · α˙2) + Vcl(α2). (3.1)
The potential Vcl(α2) is a real and isotropi funtion of salars σ0 and χ0. The inertial or
mass bitensor B2,2 is an isotropi symmetri eld of the oordinates α2µ. The bitensor
matrix is suh that the kineti energy is positive.
The quantum Hamiltonian orresponding to the lassial one of (3.1) is obtained
by the Podolsky-Pauli presription [45, 46℄:
Hˆcoll(α2, π2) =
1
2
√
G(α2)
∑
µ,ν
πˆ µ2
√
G(α2)G2µ,2ν(α2)πˆ
ν
2 + Vcoll(α2) (3.2)
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where G = | det(B2,2)| and G2,2 is the inverse matrix of the inertial matrix B2,2:∑
ν
B µ ν2 ,2 G2ν,2η = δ
µ
η . (3.3)
The Hamiltonian Hˆcoll (3.2) is Hermitian with the weight
√
G. Hofmann [47℄ proved that
the dierential part of the Hamiltonian (3.2) is unique provided it has the properties
whih will be speied below for the quantum Hamiltonian Hˆquant, and fullls the
orrespondene priniple to the lassial kineti energy. However, the quantum kineti
energy is given only up to an additive salar funtion (f also [48℄). This means that
the quantum potential Vcoll in (3.2) is, in general, not equal to the lassial potential Vcl
of (3.1) and an ontain quantum orretions. Usually, it is taitly assumed that the
potentials before and after the quantization are related by: Vcoll(α2) = Vcl(α2) + const,
but this does not have any reasonable justiation. The inertial bitensor B2,2 and its
inverse G2,2 are examples of symmetri matries M2µ,2ν (2.37), whose properties have
been already disussed in setion 2.3. Thus, they are dened by speifying the six salar
funtions.
There are two ways to express Hˆcoll in the intrinsi oordinates. One way is to
onvert the derivatives ∂/∂α2µ into derivatives with respet to the intrinsi oordinates
using (2.14), (2.21) (and, if neessary, also (2.11), (2.20) (2.22)). The other way is to
express the lassial HamiltonianHcl (3.1) in terms of the intrinsi variables transforming
the veloities using (2.23) and (2.25). One then has
Hcl = Hcl,rot +Hcl,vib (3.4)
where
Hcl,rot =
1
2
(
Ix(β, γ)ω
2
x + Iy(β, γ)ω
2
y + Iz(β, γ)ω
2
z
)
(3.5)
Hcl,vib =
1
2
(
B0(a0, a2)a˙
2
0 + 2B1(a0, a2)a˙0a˙2 +B2(a0, a2)a˙
2
2
)
+ Vcl(σ0, χ0)
=
1
2
(
Bββ(β, γ)β˙
2 + 2Bβγ(β, γ)β˙βγ˙ +Bγγ(β, γ)β
2γ˙2
)
+ Vcl(β, ζ). (3.6)
The vibrational inertial funtions Bββ, Bβγ, Bγγ and B0, B1, B2 are interrelated in the
following way:
Bββ(β, γ) = B0(β, γ) cos
2 γ + 2B1(β, γ) sin γ cos γ +B2(β, γ) sin
2 γ (3.7a)
Bβγ(β, γ) = (B2(β, γ)−B0(β, γ)) sin γ cos γ +B1(β, γ)(cos2 γ − sin2 γ) (3.7b)
Bγγ(β, γ) = B0(β, γ) sin
2 γ − 2B1(β, γ) sin γ cos γ +B2(β, γ) cos2 γ (3.7)
and the moments of inertia read:
Iu(a0, a2) = 4Bu(a0, a2)a
2
u = 4Bu(β, γ)β
2 sin2 γu for u = x, y, z (3.8)
The funtions B0, B1, B2 and Bx, By, Bz are the orresponding ombinations of the
intrinsi omponents of inertial bitensor B2,2 (f (2.38)). Expressed in this way, the
lassial Hamiltonian (3.4) an be quantized with the Podolsky-Pauli presription (f
[7, 42℄).
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Both ways lead to the olletive Hamiltonian expressed in terms of the intrinsi
oordinates whih onsists of two parts:
Hˆcoll = Hˆrot + Hˆvib (3.9)
The rotational Hamiltonian Hˆrot is given by
Hˆrot =
1
2
∑
u=x,y,z
Lˆ2u(ϕ, ϑ, ψ)
Iu(β, γ)
(3.10)
and the vibrational Hamiltonian Hˆvib has the form
Hˆvib = − ~
2
2
√
G
1
X
(
∂
∂a0
X
√
G
B2
Gvib
∂
∂a0
+
∂
∂a2
X
√
G
B0
Gvib
∂
∂a2
− ∂
∂a0
X
√
G
B1
Gvib
∂
∂a2
− ∂
∂a2
X
√
G
B1
Gvib
∂
∂a0
)
+ Vcoll(σ0, χ0) (3.11)
= − ~
2
2
√
G
(
1
β4
∂
∂β
β4
√
G
Bγγ
Gvib
∂
∂β
+
1
β2 sin 3γ
∂
∂γ
sin 3γ
√
G
Bββ
Gvib
∂
∂γ
− 1
β4
∂
∂β
β3
√
G
Bβγ
Gvib
∂
∂γ
− 1
β sin 3γ
∂
∂γ
sin 3γ
√
G
Bβγ
Gvib
∂
∂β
)
+ Vcoll(β, ζ) (3.12)
with Gvib = B0B2 −B21 = BββBγγ − B2βγ , G = BxByBzGvib and X given by (2.9b).
If the orrespondene priniple is not assumed i.e. if the onsidered nulear
olletive system does not have a lassial ounterpart, one an onstrut a bit more
general quantum Bohr Hamiltonian Hˆquant possessing the following properties:
(i) Hˆquant is a seond order dierential operator in oordinates α2µ possessing the nite
lowest eigenvalue
(ii) Hˆquant is a real operator (invariant under the time reversal) i.e. Hˆquant = Hˆ
∗
quant
(iii) Hˆquant is a salar operator with respet to the rotation group O(3)
(iv) Hˆquant is Hermitian with a weight W (σ0, χ0) ≥ 0.
Under above assumptions Hˆquant an always be presented in the form§:
Hˆquant = − 1
2W
∑
µ,ν
πˆ µ2 WA
ν
2µ,2 (α2)πˆ2ν + Vquant(σ0, χ0) (3.13)
where A2µ,2ν is a symmetri positive-denite bitensor matrix whih does not need to be
related toW . Converted into the intrinsi oordinates with the help of (2.14) and (2.21)
and (2.11), (2.20) (2.22), the Hamiltonian Hˆquant takes again the form (3.9) with the
rotational part (3.10). The moments of inertia are expressed by the intrinsi omponents
Ax, Ay and Az of A2,2 (see (2.38)) as follows:
Iu(a0, a2) =
4a2u
Au(a0, a2)
=
4
Au(β, γ)
β2 sin2 γu for u = x, y, z. (3.14)
§ When assumption (ii) is given up (reality of the Hamiltonian is not demanded) one more term an
be added on the right-hand side of (3.13), namely (1/W )(πˆ2 ·WT2(α2)) + (T2(α2) · πˆ2), where T2 is an
arbitrary quadrupole eld (f [22℄).
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The weight W and the remaining intrinsi omponents of A2,2, namely A0, A1 and A2
enter the vibrational Hamiltonian in the following way:
Hˆvib = − ~
2
2WX
(
∂
∂a0
XWA0
∂
∂a0
+
∂
∂a2
XWA2
∂
∂a2
+
∂
∂a0
XWA1
∂
∂a2
+
∂
∂a2
XWA1
∂
∂a0
)
+Vquant(σ0, χ0)
= − ~
2
2W
(
1
β4
∂
∂β
β4WAββ
∂
∂β
+
1
β2 sin 3γ
∂
∂γ
sin 3γWAγγ
∂
∂γ
+
1
β4
∂
∂β
β3WAβγ
∂
∂γ
+
1
β sin 3γ
∂
∂γ
sin 3γWAβγ
∂
∂β
)
+Vquant(β, ζ) (3.15)
where the relations between Aββ, Aβγ , Aγγ and A0, A1, A2 are idential with those
between the vibrational inertial funtions given in (3.7a) to (3.7).
The Hamiltonian (3.2) obtained from its lassial ounterpart (3.1) by the Podolsky-
Pauli quantization proedure is a speial version of (3.13) in whih W =
√
G and
A2,2 = G2,2. In this ase W and A2,2 are related to eah other and both ome from the
lassial inertial bitensor B2,2. Below, to the end of setion 3, the Hamiltonians Hˆcoll
and Hˆquant will not be distinguished from one another. Both of them will be denoted
simply by Hˆ and their potential parts by V .
3.2. Colletive multipole operators
Nulear olletive states are most often investigated experimentally by means of gamma
spetrosopy. The olletive model should therefore make it possible to alulate
measured quantities suh as the eletromagneti transition probabilities as well as
the spetrosopi and intrinsi moments. To this end the eletromagneti multipole
operators in the olletive spae should be onstruted. It is assumed that the
eletri multipole operators are isotropi tensor elds dependent only on the olletive
oordinates α2µ. Sine the elds depending on α2 all have the positive parity, only the
eletri multipole operators with even multipolarities an be onstruted. The eletri
multipole operator with an even multipolarity λ is proportional to the `dimensionless'
λ-pole moment of the harge distribution, Q
(charge)
λ , and an be written in the following
form‖:
Mˆ(E0) =
1√
4π
ZeR20q
(0)
0 (σ0, χ0) (3.16a)
for λ = 0 and
Mˆ(Eλ;µ) =
√
2λ+ 1
16π
ZeRλ0Q
(charge)
λµ (α2)
‖ The eletri multipole operators are not the dierential operators. They are denoted with the hat
just to keep the notation for all eletromagneti operators uniform.
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=
√
2λ+ 1
16π
ZeRλ0
λ/2+1∑
k=1
q
(λ)
k (σ0, χ0)τkλµ(α2, σ2) (3.16b)
for λ = 2, 4, . . .. In these formulae the funtions q
(λ)
k are salar funtions and
R0 = r0A
1/3
. The fundamental tensors τkλ appearing in (3.16b) are given by (2.30a).
The intrinsi omponents of the moments of harge distribution are given by
Q
(charge)(in)
λµ (β, γ) =
λ/2+1∑
k=1
q
(λ)
k (β, ζ)τ
(in)
kλµ(β, γ). (3.17)
Aording to (2.31)(2.33) the non-zero intrinsi omponents of the quadrupole and
hexadeapole moments read:
Q
(charge)(in)
20 (β, γ) = q
(2)
1 β cos γ + q
(2)
2 β
2 cos 2γ (3.18a)
Q
(charge)(in)
22 (β, γ) =
1√
2
(q
(2)
1 β sin γ − q(2)2 β2 sin 2γ). (3.18b)
Q
(charge)(in)
40 (β, γ) =
1√
70
(q
(4)
1 β
2(5 cos2 γ + 1) + 2q
(4)
2 β
3 cos γ(7 cos2 γ − 4)
+q
(4)
3 β
4(5 cos2 2γ + 1)) (3.19a)
Q
(charge)(in)
42 (β, γ) =
1
2
√
3
7
(2q
(4)
1 β
2 sin γ cos γ − q(4)2 β3 sin γ − 2q(4)3 β4 sin 2γ cos 2γ) (3.19b)
Q
(charge)(in)
44 (β, γ) =
1
2
(q
(4)
1 β
2 sin2 γ − 2q(4)2 β3 sin2 γ cos γ + q(4)3 β4 sin2 2γ). (3.19)
For the E2 moment it is often assumed that, in approximation, q
(2)
1 = const and q
(2)
2 = 0.
Similarly, only the magneti multipole operators with the odd multipolarities an
be onstruted. It is assumed that they all are the odd-rank tensor elds dependent
linearly on the angular momentum operator (2.2). They an be written in the form
Mˆ(Mλ;µ) =
√
2λ+ 1
4π
Z
A
µNR
λ−1
0
λ+1∑
κ=λ−1
[Γκ(α2)× 1
~
Lˆ1]λµ (3.20)
for λ = 1, 3, . . ., where, aording to (2.35), the gyromagneti tensor elds Γκ for κ ≥ 2
are given by
Γκµ(α2) =
kκ∑
k=1
g
(κ)
k (σ0, χ0)τkκµ(α2, σ2, χ3) (3.21)
and Γ0 = g
(0)
0 (σ0, χ0). The funtions g
(κ)
k 's are alled the salar gyromagneti funtions.
It follows from (3.20) that the intrinsi Cartesian omponents of the M1 operator read
Mˆu(M1) =
√
3
4π
Z
A
µN
~
gu(β, γ)Lˆu (3.22a)
gu(β, γ) = g
(0)
0 −
√
2
5
g
(2)
1 β cos γu −
√
2
5
g
(2)
2 β
2 cos 2γu (3.22b)
for u = x, y, z (f [7℄ for the β- and γ-dependene of gu). It is often assumed that
g
(0)
0 = 1 and g
(2)
1 = g
(2)
2 = 0 (f e.g. equation (1.37) in [49℄). The oeients in front
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of the right-hand sides of (3.16a), (3.16b) and (3.20) are hosen to ensure the proper
physial dimensions but their spei form is, to a large extent, a matter of onvention.
3.3. Colletive wave funtions
In the previous setions the kinematis and dynamis of the olletive model have been
formulated. The model is determined up to a number of salar funtions dening the
olletive kineti energy as well as the potential and the eletromagneti multipole
operators. The question arises whether the olletive wave funtions an also be
expressed through a number of salar funtions. The answer is `yes'. However, the
searh for suh salar funtions an turn out to be impratial.
The olletive wave funtions are ommon eigenfuntions of the three operators,
Hˆ , Lˆ2 = (Lˆ1 · Lˆ1) and Lˆ10, namely
HˆΨiIM(α2) = EiIΨiIM(α2) (3.23a)
Lˆ2ΨiIM(α2) = ~
2I(I + 1)ΨiIM(α2) (3.23b)
Lˆ10ΨiIM(α2) = ~MΨiIM(α2) (3.23)
where i simply numbers (numerial) solutions or stands for a set of three additional
quantum numbers (in the ase of analytial solutions). Sine equations (3.23b) and
(3.23) are automatially fullled by the wave funtions of the form
ΨiIM(α2) =
∑
k
υkiI(σ0, χ0)τkIM(α2) (3.24)
where τkI are fundamental tensors (2.35) and υkiI are arbitrary salar funtions, it only
remains to determine the funtions υkiI using (3.23a). In the intrinsi oordinates the
wave funtion (3.24) has the form
ΨiIM(β, γ, ϕ, ϑ, ψ) =
I∑
K=−I
Ψ
(in)
iIK(β, γ)D
I
MK(ϕ, ϑ, ψ)
=
∑
K
∑
k
υkiI(β, ζ)τ
(in)
kIK(β, γ)D
I
MK(ϕ, ϑ, ψ)
=
∑
K
∑
k
φkiI(β, ζ)tkIK(γ)D
I
MK(ϕ, ϑ, ψ). (3.25)
The exat analytial solutions of (3.23a) are known for several speial forms of
the Hamiltonian (3.9). In all of these ases the full inertial bitensor is replaed
by only one onstant mass parameter whih (in view of (2.39a) to (2.39d)) leads to
Bx = By = Bz = Bββ = Bγγ = B = const, Bβγ = 0 (kineti energy used originally by
Bohr [4℄). A omprehensive review of the exat and approximate solutions for dierent
potentials is given in [50℄. Here we disuss only a few ases with analytial solutions.
We start with an obvious remark that if the potential has the form of V (β, ζ) =
Vβ(β)+Vγ(ζ)/β
2
, the variable β an be separated from the remaining angular oordinates
in the eigenvalue equations (3.23a), (3.23b), (3.23). In onsequene, the salar fators
in the wave funtion (3.25) fatorize as follows
φknΛνI(β, ζ) = u
Λ
n(β)w
Λν
kI (ζ) . (3.26)
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Here the index i is replaed with the set of quantum numbers (nΛν) with n labelling
the energy levels EnΛ, Λ being here the separation onstant, and ν  an additional
quantum number introdued by Arima (f [51℄) to distinguish dierent solutions with a
given Λ. The variable β plays the role of the radial oordinate in the ve-dimensional
spae and uΛn(β) stands for the orresponding radial wave funtion.
The angular part of the wave funtion (3.25)
Y ΛνIM(γ, ϕ, ϑ, ψ) =
∑
K
∑
k
wΛνkI (ζ)tkIK(γ)D
I
MK(ϕ, ϑ, ψ) (3.27)
fullls the equation(
− 1
sin 3γ
∂
∂γ
sin 3γ
∂
∂γ
+
1
~2
∑
u=x,y,z
Lˆ2u(ϕ, ϑ, ψ)
4 sin2 γu
+
2B
~2
Vγ(cos 3γ)
)
Y ΛνIM(γ, ϕ, ϑ, ψ)
= ΛY ΛνIM(γ, ϕ, ϑ, ψ). (3.28)
The most important and most extensively studied is the ase with Vγ(ζ) = 0, in whih
the separation onstant Λ is equal to λ(λ + 3), where λ, alled the seniority [52℄, is a
natural number. In this ase a set of kI ordinary seond order dierential equations for
funtions wλνkI (k = 1, . . . , kI) with a given λ and I = 2L + 3s (s = 0, 1 for even, odd
I, respetively) was derived in [53, 40, 42℄:
9
d
dζ
(1− ζ2)dw
λν
k 2L+3s(ζ)
dζ
− 6(L+ k + 3s)ζ dw
λν
k 2L+3s(ζ)
dζ
+(λ− 3s− L− k)(λ+ 3s+ L+ k + 3)wλνk 2L+3s(ζ) + 4(k + 1)(k + 2)wλνk+22L+3s(ζ)
+6(L− k + 1)dw
λν
k−1 2L+3s(ζ)
dζ
+ 12(k + 1)
dwλνk+12L+3s(ζ)
dζ
= 0 (3.29)
(ν labels the possible dierent solutions). The system of equations (3.29) an be solved
by means of the method of polynomials. Bès solved this system for I ≤ 6, λ ≤ 9 in [53℄.
Polynomials wλνkI for all values of the quantum numbers were found in [40, 54℄ using the
theory of harmoni homogeneous polynomials. The funtions Y λνIM(γ, ϕ, ϑ, ψ) form a set
of spherial harmonis in the ve-dimensional oordinate spae (f [55℄). Another set of
the ve-dimensional spherial harmonis as funtions of the biharmoni oordinates in
the laboratory frame was onstruted in [56℄. Moreover, note that the operator in the
l.h.s. of (3.28) is proportional to the Casimir operator of the SO(5) group and algebrai
methods an be applied to alulate the SO(5) Clebsh-Gordan oeients and redued
matrix elements of tensor operators, see [29, 30, 57, 58℄. Let us add that the solutions
of (3.28) for some simple nonzero Vγ(ζ) potentials are disussed e.g. in [59, 60, 31℄.
The radial equation reads(
− 1
β4
∂
∂β
β4
∂
∂β
+
Λ
β2
+
2B
~2
(Vβ(β)−EnΛ)
)
uΛn(β) = 0. (3.30)
The elementary quantum mehanis (f e.g. [61℄) provides us with a few relevant solvable
potentials Vβ(β) and we disuss some of them below.
The Davidson modied osillator potential Vβ(β) =
1
2
C(β2 + β4eq/β
2) has been
applied for the rst time in [62℄ to solve analytially the Wilets-Jean model [9℄. Later
Bohr olletive Hamiltonian 20
on the Davidson potential has been used by several authors [63, 64, 65℄. The solution
of the radial equation for this potential then reads:
uλn(β) =
√
2(n!)
Γ(n+ κ+ 5
2
)
(√
BC
~2
)κ+ 5
2
βκe
− 1
2
q
BC
~2
β2
L
(κ+ 3
2
)
n
(√
BC
~2
β2
)
(3.31a)
Enλ =
√
C
B
~(2n+ κ+
5
2
) (3.31b)
where L
(α)
n (x) are the Laguerre polynomials [41℄ and
κ(κ+ 3) =
BC
~2
β4eq + λ(λ+ 3). (3.32)
The modied osillator potential was also treated using algebrai methods in [31℄.
The Kratzer potential Vβ(β) =
1
2
Cβ2eq((βeq/β)
2 − 2βeq/β) was introdued to the
Bohr Hamiltonian in [66℄. The Hamiltonian with this potential has a disrete spetrum
only for negative energies. The radial funtions and the energy levels of the bound states
read:
uλn(β) = Nnλβ
κe−knλβL(2κ+3)n (
β
2knλ
) (3.33a)
Enλ = − 1
2
Cβ2eq
(
BC
~2
β4eq
)
1
(n+ κ+ 2)2
(3.33b)
where knλ =
√
2B|Enλ|/~2, Nnλ is a normalization onstant, and κ is given formally by
(3.32).
The Bohr model with the potential Vβ(β) in the form of an innite square well has
been disussed in [9, 67℄. The orresponding radial wave funtions and the energy levels
are given by:
uλn(β) = Nnλ
1
β3/2
Jλ+3/2(xn,λβ/βwell) (3.34a)
Enλ =
1
2B
~
2x2n,λ
β2well
(3.34b)
where Nnλ is a normalization fator, βwell is the well radius, Jλ+3/2(x) is the Bessel
funtion [41℄ and xn,λ is its n-th zero.
The modied osillator potential for βeq=0 turns into the ve-dimensional harmoni
osillator (the ase of original Bohr Hamiltonian [4℄), whose properties were studied most
extensively. In this ase the radial wave funtions and the energy levels are still given by
(3.31a) and (3.31b), respetively, with κ = λ by virtue of (3.32). For the angular part
of the solutions one an take the funtions Y ΛνIM(γ, ϕ, ϑ, ψ) disussed in the paragraph
following (3.29). The wave funtions of the ve-dimensional harmoni osillator, but in
a form whih does not make their tensor struture expliit, were found also in [35℄ and
[68℄. Obviously, the eigenvalue problem for the harmoni osillator Hamiltonian an be
solved immediately in the laboratory oordinates. The most onvenient way to present
the solution is to introdue the notion of the quadrupole phonon. The phonon reation
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and annihilation operators, βˆ†2µ and βˆ
µ
2 , respetively, are dened as follows:
βˆ†2µ =
1√
2
((
BC
~2
)1/4
α2µ − i
(
BC
~2
)−1/4
πˆ2µ
)
(3.35a)
βˆ µ2 =
1√
2
((
BC
~2
)1/4
α µ2 − i
(
BC
~2
)−1/4
πˆ µ2
)
. (3.35b)
The Hamiltonian expressed in terms of the phonon operators has the well known form:
Hˆ = ~
√
C
B
(
(βˆ†2 · βˆ2) +
5
2
)
(3.36)
and its eigenstates have the struture
|N [c]IM〉 =

βˆ†2 × . . .× βˆ†2︸ ︷︷ ︸
N

[c]
IM
|0〉 (3.37)
where the symbol [℄ stands for a given oupling sheme and |0〉 is the ground state
annihilated by βˆ µ2 : βˆ
µ
2 |0〉 = 0. In setion 2.3 it was shown how to establish independent
oupling shemes. However, to have the states with a denite seniority λ one should
introdue the so alled traeless reation operators [38, 42℄. The methods of group
theory have been applied to alulate matrix elements of the multipole moment operators
between the basis states of the group hain U(5)⊃SO(5)⊃SO(3) [69℄. Besides the exat
solutions of the harmoni osillator presented above, the approximate harmoni solutions
of the Bohr Hamiltonian with the olletive potentials possessing well pronouned
minimum for β = βeq 6= 0 are known from the very beginning of the Bohr olletive
model (see e.g. [42℄ for a survey of them).
Speial ases of the Bohr Hamiltonian for whih equation (3.23a) possesses exat
solutions are important for various reasons, but it is lear that in order to solve (3.23a) for
Hamiltonians outside this lass one needs to use numerial methods. Equation (3.23a)
an be solved by transformation into a matrix eigenvalue problem using an appropriate
trunated basis in the olletive Hilbert spae or by diret numerial methods suitable
for the seond order partial dierential equations. In both approahes one must take
into aount the spei properties of the funtions belonging to the domain of the
Bohr Hamiltonian. First of all, they must be invariant against the otahedral group
transformations. Moreover, they must behave appropriately (it will be explained below)
at the boundaries (inluding innity) of the six setors of the (β, γ) plane disussed in
setion 2.2.
The basis used to alulate the matrix of the Bohr Hamiltonian an be hosen
as the set of eigenfuntions of one of the exatly solvable ases, e.g. of the harmoni
osillator whih was employed by Dussel and Bès [70℄, Gneuss and Greiner [71℄, and Hess
et al [72, 73℄. Obviously, suh bases automatially fulll onditions mentioned in the
previous paragraph. However, this does not need to be true for `artiial' bases (used
e.g. in [74, 75, 76, 77, 78℄) whih an be onstruted from an arbitrary omplete set
of funtions whih are square integrable with respet to the measure (2.1). We briey
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disuss two examples of suh a onstrution. The rst one was proposed by Kumar [74℄
who, in order to ensure that the solutions have the orret tensor struture and satisfy
the mentioned onditions, expands the salar funtions υkiI(β, ζ) of (3.25) with given k
and I in the following basis funtions:
υ
(nm)
kI (β, ζ) = e
−σβ(β
2−β2
0
)l/2e−σζ(β
3ζ−β3
0
ζ0)/2(β2 − β20)n(β3ζ − β30ζ0)m (3.38)
whih depend on the four variational parameters: β0, ζ0, σβ and σζ . These parameters
obey the following auxiliary onditions: l = 1 and σζ = 0 for β0 = 0, and l = 2 for
β0 6= 0. In the seond example another omplete set of funtions is adopted, this time
in the spae of funtions of all ve quadrupole variables β, γ, ϕ, ϑ, ψ
Ψ
(nm)
KIM(β, γ, ϕ, ϑ, ψ) = e
−σβ2/2βn
{
cosmγ
sinmγ
}
DIMK(ϕ, ϑ, ψ) (3.39)
with n = 0, 1, . . ., m = n, n− 2, . . . , 0 or 1 and −I ≤ K ≤ I. The modied, still non-
orthogonal, basis after the appropriate symmetrization with respet to the otahedral
group O of the transformations of the intrinsi frame (f (3.43a), (3.43b) and (3.43))
has the following form
Ψ˜
(nm)
KIM(β, γ, ϕ, ϑ, ψ)
= e−σβ
2/2βn
lImax(m)∑
l=0
f˜
(m)
KI 2l(γ)
(
DIM 2l(ϕ, ϑ, ψ) + (−1)IDIM −2l(ϕ, ϑ, ψ)
)
(3.40)
where funtions f˜
(m)
KI 2l(γ) are some spei linear ombinations of the trigonometri
funtions cos pγ or sin pγ with the possible values of p = m, m− 2, m− 4, m− 6 and
lImax(m) is the maximal value of l for given I and m (see [77℄ and [78℄ for details). The
funtions (3.40) are then numerially orthonormalized and the parameter σ is hosen so
as to make the basis optimal.
Before we write down a system of partial dierential equations for (3.25) derived
from (3.23a) and whih an be solved by diret numerial methods [7, 79, 80, 81℄, we
disuss the onsequenes of the invariane of ΨiIM with respet to the otahedral group
transformations of the intrinsi system. This invariane leads to
ΨiIM(β, γ, ϕ, ϑ, ψ) =
I∑
K=−I
Ψ
(in)
iIK(βk, γk)D
I
MK(ϕk, ϑk, ψk) (3.41)
for k = 0, 1, 2, 3, where the intrinsi oordinates with the index k are given in table 3.
It follows from (2.13) that
Ψ
(in)
iIK(β, γ) =
I∑
K ′=−I
Ψ
(in)
iIK ′(βk, γk)D
I
KK ′(̟k, ̺k, ςk) (3.42)
For k = 0, this is, of ourse, the identity. Formula (3.42) implies for k = 1, 2, 3 the
following properties of Ψ
(in)
iIK
Ψ
(in)
iIK(β, γ) = (−1)IΨ(in)iI−K(β, γ) (3.43a)
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Ψ
(in)
iIK(β, γ) = (−1)K/2Ψ(in)iIK(β,−γ) (3.43b)
Ψ
(in)
iIK(β, γ) =
I∑
K ′=−I
Ψ
(in)
iIK ′(β, γ − 2π/3)DIKK ′(0, π/2, π/2) . (3.43)
From (3.43a), (3.43b) it follows that Ψ
(in)
iI0 = 0 for odd I's and that the omponents with
odd K all vanish. Moreover, it is seen from (3.43a), (3.43b) and (3.43) that the value
of the funtion Ψ
(in)
iI±K(β, γ) for an arbitrary γ (−π ≤ γ ≤ π) an be determined by the
values of Ψ
(in)
iIK ′(β, γ) with dierent even, nonnegative values of K
′
and the orresponding
γ from the setor 0 ≤ γ ≤ π/3 shown in gure 1. Thus, it is suient to nd Ψ(in)iIK(β, γ)
with even K ≥ 0 in the setor 0 ≤ γ ≤ π/3 to determine the wave funtion for all values
of γ. Finally, the wave funtion (3.25) an be presented in the form
ΨiIM(β, γ, ϕ, ϑ, ψ) =
[I/2]∑
k=0
Ψ
(in)
iI2k(β, γ)
1 + δk0
(
DIM2k(ϕ, ϑ, ψ) + (−1)IDIM−2k(ϕ, ϑ, ψ)
)
(3.44)
where [I/2] stands for the integer part of I/2. If the wave funtions ΨiIm(α2) are
normalized to unity
〈i′I ′M ′|iIM〉 =
∫
Ψ∗i′I′M ′(α2)ΨiIM(α2)WdΩ = δi′iδI′IδM ′M (3.45)
the normalization of the funtions Ψ
(in)
iI2k(β, γ) is
6
∫ ∞
0
∫ pi/3
0
[I/2]∑
k=0
2
1 + δk0
Ψ
(in)∗
i′I2k(β, γ)Ψ
(in)
iI2k(β, γ)W (β
2, β3 cos 3γ)β4 sin 3γdβdγ
=
2I + 1
8π2
δi′i. (3.46)
It is also onvenient to introdue the intrinsi wave funtions
ΦiI2k(β, γ) =
√
16π2
(2I + 1)(1 + δk0)
Ψ
(in)
iI2k(β, γ) (3.47)
whih an be referred to as the normalized intrinsi wave funtions beause by virtue of
(3.46) and (3.47) they obey:
[I/2]∑
k=0
(Φi′I2k|ΦiI2k) = δi′i (3.48)
where the salar produt (Φi′I2k|ΦiI2k) is meant as
(Φi′I2k|ΦiI2k) = 6
∫ ∞
0
∫ pi/3
0
Φ∗i′I2k(β, γ)ΦiI2k(β, γ)W (β, cos 3γ)β
4 sin 3γdβdγ . (3.49)
The wave funtion (3.44) is expressed in terms of the normalized intrinsi wave funtions
as
ΨiIM(β, γ, ϕ, ϑ, ψ) =√
2I + 1
16π2
[I/2]∑
k=0
ΦiI2k(β, γ)
√
1 + δk0
(
DIM2k(ϕ, ϑ, ψ) + (−1)IDIM−2k(ϕ, ϑ, ψ)
)
(3.50)
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A set of the dierential equations for ΦiI2k obtained from (3.23a) is the following:(
Hˆvib(β, γ)− EiI + 1
4
(
I(I + 1)− (2k)2)( 1
Ix(β, γ)
+
1
Iy(β, γ)
)
+
(2k)2
2Iz(β, γ)
)
ΦiI2k(β, γ)
+
1
8
(
1
Ix(β, γ)
− 1
Iy(β, γ)
)
(CIk+1ΦiI2k+2(β, γ) + CIkΦiI2k−2(β, γ)) = 0 (3.51)
where k = 0(1), . . . , I/2(I/2− 1/2) for even(odd) I and
CIk =
√
(1 + δk1)(I + 2k)(I + 2k − 1)(I − 2k + 1)(I − 2k + 2). (3.52)
By virtue of the symmetry onditions (3.43b) and (3.43) and of equations (3.51) the
normalized intrinsi wave funtions ΦiI2k(β, γ) fulll the following boundary onditions
(i) At γ = 0:
∂ΦiI0(β, γ)
∂γ
∣∣∣∣
γ=0
= 0 ΦiI2k(β, 0) = 0 for k 6= 0. (3.53)
(ii) At γ = π/3:
ΦiI2k(β, π/3) = 0 for odd I (3.54a)
∂Φi00(β, γ)
∂γ
∣∣∣∣
γ=pi/3
= 0 (3.54b)
(I(I + 1)− (2k)2)ΦiI2k(β, π/3)
= 1
2
(CIk+1ΦiI2k+2(β, π/3) + CIkΦiI2k−2(β, π/3))
(I(I + 1)− (2k)2 − 8) (∂ΦiI2k(β, γ)/∂γ)|γ=pi/3
= 1
2
(
CIk+1 (∂ΦiI2k+2(β, γ)/∂γ)|γ=pi/3
+CIk (∂ΦiI2k−2(β, γ)/∂γ)|γ=pi/3
)


for even I.
(3.54)
At β = 0 the boundary onditions are
∂ΦiI2k(β, γ)
∂β
∣∣∣∣
β=0
= 0 for I = 0 and ΦiI2k(β = 0, γ) = 0 for I 6= 0. (3.55)
The bound-state wave funtion ΦiI2k(β, γ) should vanish at innity (β → ∞) faster
than 1/β2 to ensure its norm be nite. Equations (3.51) to (3.55) are the basi ones for
diret numerial alulations of ΦiI2k. Note, however, that suh alulations are quite
diult due to the omplexity of the system of equations (3.51) (in addition, the number
of equations grows as I/2) and of the boundary onditions.
We end this subsetion with the formulae for the redued matrix elements of the
olletive eletromagneti multipole operators. From (3.16b), (3.17) and (3.50) the
redued matrix element of Eλ is
〈i′I ′‖Mˆ(Eλ)‖iI〉 =
√
(2λ+ 1)(2I + 1)
16π
ZeRλ0
2
×
∑
k,k′,κ
√
(1 + δk0)(1 + δk′0)(I2kλκ|I ′2k′)(Φi′I′2k′ |Q(charge)(in)λκ |ΦiI2k). (3.56)
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Hene, the E2 redued matrix element reads
〈i′I ′‖Mˆ(E2)‖iI〉 =
√
5(2I + 1)
16π
ZeR20
∑
k≥0
{
(I2k20|I ′2k)(Φi′I′2k|Q(charge)(in)20 |ΦiI2k)
+
√
1 + δk0
(
(I2k22|I ′2k + 2)(Φi′I′2k+2|Q(charge)(in)22 |ΦiI2k)
+ (I2k + 22− 2|I ′2k)(Φi′I′2k|Q(charge)(in)22 |ΦiI2k+2)
)}
. (3.57)
The general formula for the Mλ redued matrix elements is more ompliated. We give
only the formula for the M1 redued matrix element:
〈i′I ′‖Mˆ(M1)‖iI〉 =
√
3(2I + 1)
4π
Z
A
µN
~
∑
k≥0
{2k(I2k10|I ′2k)(Φi′I′2k|gz|ΦiI2k)
+
(√
(I − 2k)(I + 2k + 1)
2
(I2k + 11− 1|I ′2k)
−
√
(I + 2k)(I − 2k + 1)
2
(I2k − 111|I ′2k)
)
(Φi′I′2k|gx + gy
2
|ΦiI2k)
−
√
1 + δk0
(√
(I − 2k)(I + 2k + 1)
2
(I2k + 111|I ′2k + 2)(Φi′I′2k+2|gx − gy
2
|ΦiI2k)
−
√
(I + 2k + 2)(I − 2k − 1)
2
(I2k + 11− 1|I ′2k)(Φi′I′2k|gx − gy
2
|ΦiI2k+2)
)}
. (3.58)
3.4. Colletive sum rules
Quantities measurable experimentally are expressed, generally speaking, through matrix
elements of the observables Tˆλµ(α2, πˆ2), namely through the quantities
〈i′I ′M ′|Tˆλµ|iIM〉 =
∫ (
Ψ∗i′I′M ′(α2)Tˆλµ(α2, πˆ2)ΨiIM(α2)
)
WdΩ. (3.59)
By omparing matrix elements alulated in the frame of a theoretial model with
orresponding experimental values one an judge the quality of the model. Some
restrited tests of the orretness of the theory are provided by the so alled sum rules.
The notion of sum rules is omprehensive and not too rigorously dened. The ones whih
we disuss below are alled the olletive sum rules, beause they are restrited to the
spae of olletive states (f [82℄). First we derive the so alled non-energy weighted
sum rules [83℄. They were proposed by Kumar [84℄ to determine the intrinsi eletri
quadrupole moments of the nulear states from the experimental data. Further on, the
energy weighted sum rules [85℄ will be disussed as well.
From the losure equation in the olletive spae:∑
i,I,M
|iIM〉〈iIM | = 1 (3.60)
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and the Wigner-Ekart theorem [34℄ the mean value of a tensor eld Tλ(α2) squared an
be written as a sum of produts of the redued matrix elements of Tλ
〈iIM |(Tλ · Tλ)|iIM〉 = 1
2I + 1
∑
i′I′
|〈iI‖Tλ‖i′I ′〉|2. (3.61)
Similarly, for the expetation value of the salar of the third order in Tλ we have
(−1)λ√
2λ+ 1
〈iIM |([Tλ × Tλ]λ · Tλ)|iIM〉 = 〈iIM |[[Tλ × Tλ]λ × Tλ]0|iIM〉
=
1
2I + 1
∑
i1,I1,i2,I2
{
λ λ λ
I1 I2 I
}
〈iI‖Tλ‖i1I1〉〈i1I1‖Tλ‖i2I2〉〈i2I2‖Tλ‖iI〉 . (3.62)
Similar formulae for higher powers of Tλ also be derived. However, for the fourth and
higher order salars in Tλ it beomes essential that the eld Tλ should not depend on
the momentum πˆ2 and its omponents should ommute with eah other (f [83℄). If
it is possible to measure in experiment suiently large number of the redued matrix
elements of Tλ, equations (3.61), (3.62) make it possible to determine the quantities
on their left hand sides. Some of these quantities are otherwise diult to aess
experimentally. When T2 = Mˆ(E2) formula (3.61) reads
〈iIM |(Mˆ(E2) · Mˆ(E2))|iIM〉 =
∑
i′I′
B(E2; iI → i′I ′) (3.63)
whih means that the mean value in the state |iIM〉 of the intrinsi eletri quadrupole
moment squared is equal to the sum of the redued probabilities of the E2 transitions
to all aessible states |i′I ′M ′〉. The sum rules for the E2 operator have been applied to
the experimental determination of the intrinsi quadrupole moments in [82℄.
The so alled energy weighted olletive sum rules are derived from the following
double ommutation relation:[
α2µ,
[
Hˆ, α2ν
]]
= ~2A2µ,2ν(α2) (3.64)
where Hˆ is the olletive Hamiltonian (3.13). Taking the mean values of both sides of
(3.64) in the state |iIM〉 and making use of the Wigner-Ekart theorem one obtains
~
2
2
〈iI‖A2λ(α2)‖iI〉√
4λ+ 1
=
∑
i′,I′
(Ei′I′ − EiI) (−1)I−I′
{
2 2 2λ
I I I ′
}
|〈iI‖α2‖i′I ′〉|2 (3.65)
where
ALM(α2) =
∑
µ,ν
(2µ2ν|LM)A2µ,2ν(α2). (3.66)
For λ = 0 the energy weighted sum rule (3.65) takes the form
~
2
2
〈iIM |(Ax + Ay + Az + A0 + A2)|iIM〉 = 1
2I + 1
∑
i′,I′
(Ei′I′ − EiI)|〈iI‖α2‖i′I ′〉|2.(3.67)
The energy weighted sum rules an therefore be used to estimate the average values of
the inertial funtions using the exitation energies and the redued matrix elements of
α2 extrated from the experimental data [85℄.
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4. Mirosopi theories of the Bohr Hamiltonian
The present setion fouses on the derivation of the Bohr olletive Hamiltonian from
the mirosopi theory based on an eetive nuleon-nuleon interation. There are two
main methods whih an be used to ahieve this aim. The rst one is the adiabati
approximation of the Time Dependent Hartree-Fok-Bogolyubov theory (ATDHFB)
and the seond one is the Generator Coordinate Method with the Gaussian Overlap
Approximation (GCM+GOA). Before disussing the details onerning the appliation
to the Bohr Hamiltonian ase, we briey reall basi assumptions underlying these
methods and their general results.
In the following it is assumed that the nulear many-body Hamiltonian is given by
Hmicr =
∑
µ,ν
Kµνd
+
µ dν +
1
4
∑
µ,ν,α,β
Vµναβd
+
µ d
+
ν dβdα (4.1)
with the two-body interation term V that an depend on the nulear density, while
d+µ and dν are the nuleon reation and annihilation operators. The methods presented
below an be diretly applied to most of the eetive non-relativisti nuleon-nuleon
interations. Some aspets of the Relativisti Mean Field (RMF) theory need, however,
some additional disussion.
Within the mean eld approah the ground state of a nuleus is desribed by a
generalized produt state (in other words a BCS-type state, with the Slater determinant
as a speial ase). To desribe olletive phenomena one needs a family of suh states
whih depend on properly hosen olletive variables suh as quadrupole variables
disussed in the previous setions. In the next step the olletive Hamiltonian is
onstruted as an operator in the Hilbert spae of funtions of the olletive variables.
4.1. The ATDHFB method
The ATDHFB method is onveniently formulated by using the notion of a generalized
density matrix whih for a given BCS-type state |Ψ〉 and a given set of reation and
annihilation operators d+m, dn is dened as follows
R =
(
R11 R12
R21 R22
)
(4.2)
where
R11mn = 〈Ψ|d+n dm|Ψ〉 = ρmn (4.3a)
R12mn = 〈Ψ|dndm|Ψ〉 = κmn (4.3b)
R21mn = 〈Ψ|d+n d+m|Ψ〉 = −κ∗mn (4.3)
R22mn = 〈Ψ|dnd+mΨ|〉 = I − ρ∗mn . (4.3d)
The dimension of the R matrix is twie the dimension of the one-partile spae. A
rigorous (but very abstrat) denition of a spae wherein the density operator ats an
be found e.g. in [86℄. In this setion we will all it the double spae. One should note
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that there exist some slightly dierent sign onventions used to dene R. The R matrix
an be expressed in terms of the oeients of the Bogolyubov transformation whih
onnets the d+m, dn operators with the quasipartile reation and annihilation operators
orresponding to the |Ψ〉 state, see [87, 15℄.
The Time Dependent HFB equation of motion reads
i~R˙ = [W(R),R] (4.4)
with W being the self-onsistent Hamiltonian (in the double spae) indued by the
density matrix R
W =
(
K − λI 0
0 −K∗ + λI
)
+
(
Γ ∆
−∆∗ −Γ ∗
)
(4.5)
in whih λ is the hemial potential and
Γµν =
∑
µ′,ν′
Vµµ′νν′ρν′µ′ + rearrangement terms (4.6)
∆µν =
1
2
∑
µ′,ν′
Vµνµ′ν′κµ′ν′ . (4.7)
The rearrangement terms in (4.6) appear if Hmicr depends on the density. Typially
these terms are onsidered only for the density dependent interation in the partile-
hole hannel.
In the adiabati approximation the R matrix is expressed as R =
exp(iχ(t))R0(t) exp(−iχ(t)) = R0 + R1 + R2 + . . ., where χ is a `small' operator, f
[16℄. The W operator an then be written as W = W0 +W1 +W2 + . . ., with Wk
indued by the Rk terms. Note that for k > 0 only the seond term in (4.5) is used.
By inserting the expansions of R and W into (4.4) one obtains a sequene of equations
from whih only the rst two are usually onsidered
i~R˙0 = [W0,R1] + [W1,R0] (4.8)
i~R˙1 = [W0,R2] + [W1,R1] + [W2,R0] + [W0,R0] . (4.9)
From the seond equation one an infer that [W0,R0] must be of the seond order in
the smallness parameter. An important feature of the r.h.s of the rst equation (4.8) is
its linear dependene on the R1 matrix.
In the ase when R depends on time through several olletive variables α =
(α1, ..., αn) equation (4.8) leads to
i~α˙k
∂R0
∂αk
= [W0,Rk1] + [W1(Rk1),R0], k = 1, ..., n (4.10)
where, sine R1 depends linearly on R˙0,
R1 =
∑
k
Rk1 . (4.11)
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The olletive lassial Hamiltonian is dened as the expetation value of the Hmicr
Hamiltonian in the |Ψ(α)〉 state and an be written as a sum of the kineti and potential
parts
Hcl = Tcl + Vcl (4.12)
where
Vcl = 〈Ψ0(α)|Hmicr|Ψ0(α)〉 (4.13)
with |Ψ0〉 being the BCS-type state orresponding to the R0 matrix and
Tcl =
1
2
∑
k,j
Bkj(α)α˙kα˙j . (4.14)
The inertial funtions (also alled mass parameters) Bkj read
Bkj(α) =
i~
2α˙j
Tr2d(Rj1 [
∂R0
∂αk
,R0]) (4.15)
where Tr2d denotes the trae in the double spae. It an be veried that Bkj = Bjk. The
positive deniteness of the matrix B is not shown in the most general ase, however it
an be proved for several important instanes, e.g. for ranking inertial funtions, see
[87℄. The lassial expression for Hcl needs to be quantized. Usually this is done by
taking as the quantum mehanial kineti energy the Laplae-Beltrami operator (times
−~2) in the spae of the variables α with B as the metri tensor and as the quantum
potential energy the operator of multipliation by the funtion Vcl (this is the so alled
Podolsky-Pauli method of quantization, see also setion 3.1).
In the following it is assumed that (4.8) yields the unique solution for R1 in terms
of R˙0. For a disussion of the existene and uniqueness of suh a solution see [87℄.
However, one should remember that in pratie the alulation of R1 an be quite a
diult task. In the ase of vibrational inertial funtions only one olletive variable
(for axial symmetry systems) was onsidered, see [87℄ and [88℄ (for the ase without
pairing). In [87℄ R1 was obtained by matrix inversion while the method proposed in [88℄
(see also [89℄) was based on the fat that (4.8) an be transformed into (for simpliity
we onsider here a single variable α)
[W0 +W1 − 2α˙P,R0 +R1] = 0 (4.16)
where
P = i~
2
[∂αR0,R0] . (4.17)
Equation (4.16) an be solved by a onstrained HFB alulation. In the ase of a
rotation (and in the limit of vanishing angular veloity) it leads to the Thouless-Valatin
expression for the moment of inertia [90℄. For this reason, the term [W1,R0] is sometimes
alled the Thouless-Valatin (TV) orretion.
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The trae in (4.15) is most easily alulated in a quasipartile basis (in the double
spae). It an be veried that both ∂kR0 := ∂R0/∂αk and Rj1 have the antidiagonal
form
(∂kR0)qp =
(
0 fk
−f ∗k 0
)
(4.18)
(Rj1)qp =
(
0 zj
−z∗j 0
)
(4.19)
so that
Tr2d(Rj1 [∂kR0,R0]) = Tr(zjf ∗k − z∗j fk) . (4.20)
Negleting the TV term brings in a substantial simpliation, beause then
i~α˙kfk,µν = (Eµ + Eν)zk,µν (4.21)
where Eµ are quasipartile energies, and to alulate the inertial funtions in this
approximation one needs only ∂kR0 and Eµ:
Bkj =
~
2
2
∑
µ,ν
fj,µνf
∗
k,µν + f
∗
j,µνfk,µν
(Eµ + Eν)
. (4.22)
Inertial funtions alulated without onsidering the Thouless-Valatin term are
sometimes alled the ranking inertial funtions.
Matrix elements fk,µν an be expressed in terms of the derivatives of the density
matrix ρ and the pairing tensor κ in the anonial basis
fk,µν = sν(∂kρ)µν¯(uµvν + vµuν) + (∂kκ)µν(uµuν − vµvν). (4.23)
In this formula sν is the phase fator with the properties sµs
∗
µ = 1, sµ = −sµ¯, while µ
and µ¯ denote anonially onjugated states. Another, perhaps more familiar, expression
with the expliit dependene on the derivative of the BCS state is
fk,µν = 〈Ψ0|aνaµ|∂kΨ0〉 (4.24)
where aµ are the quasipartile annihilation operators. If the ondition [W0,R0] ≈ 0 is
used one gets yet another, sometimes quite useful, form
fk,µν = − 1
Eµ + Eν
[sν(∂kh0)µν¯(uµvν + vµuν) + (∂k∆)µν(uµuν − vµvν)] (4.25)
where h0 = K − λI + Γ , see (4.5). The referenes ited in setion 4.3 ontain many
examples of appliation of formulae (4.22) to (4.25).
Bohr olletive Hamiltonian 31
4.2. The GCM+GOA method
This method is based on the variational priniple. Its simplest version onsists of taking
as test funtions the integrals
∫
dαf(α)Φ(α) with the BCS-type states |Φ(α)〉 and the
weights f(α) whih are to be determined. The assumption of the Gaussian overlaps
(GOA)
〈Φ(α′′)|Φ(α′)〉 = exp(−
∑
k,j
gkj(α)(α
′′
k − α′k)(α′′j − α′j)/2), α = (α′′ +α′)/2 (4.26)
enables one to transform the Hill-Wheeler-Grin equation into the Shrodinger-like,
seond order dierential equation for the weight funtions f(α)
HˆGCMf(α) = Ef(α) . (4.27)
Below, only some of the nal results for the GCM olletive Hamiltonian HˆGCM are
presented. Details an be found in e.g. [21℄ (see also [49, 23℄). A spei appliation to
the Bohr Hamiltonian problem was studied in [22℄. The GCM Hamiltonian reads
HˆGCM = TˆGCM + VGCM (4.28)
where
TˆGCM = −~
2
2
1√
det g
∑
k,j
∂
∂αk
√
det g (B−1GCM)
kj ∂
∂αj
. (4.29)
Note that in the ase of the quadrupole olletive variables the Hamiltonian (4.28) has
the same struture as the Hamiltonian (3.13) disussed earlier, with
√
det g = W and
B−1GCM = A. The inverse of the inertial tensor is given by
(B−1GCM)
kj =
1
2~2
(Reh12 − Reh11)kj (4.30)
where
h11,mn = Dα′′mDα′′nh(α
′′,α′)|α′′=α′=α (4.31a)
h12,mn = Dα′′mDα′nh(α
′′,α′)|α′′=α′=α (4.31b)
with
h(α′′,α′) = 〈Φ(α′′)|Hmicr|Φ(α′)〉/〈Φ(α′′)|Φ(α′)〉 . (4.32)
D denotes here a ovariant derivative and the indies on the right hand side of (4.30)
are raised using the inverse of the metri tensor gkj. The tensor gkj an be written as
gkj(α) = 〈∂αkΦ(α)|∂αjΦ(α)〉 . (4.33)
The potential energy an be transformed into the form
VGCM = Vcl(α) + VZPE(α) (4.34)
where
Vcl(α) = 〈Φ(α)|Hmicr|Φ(α)〉 (4.35)
VZPE(α) = −~
2
2
∑
k,j
gkj(B−1GCM)kj −
1
8
∑
k,j
gkjDαkDαjVcl(α) . (4.36)
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The rst term Vcl(α) in (4.34) is essentially the same as in the ATDHFB method. The
seond one, VZPE(α), spei for the GCM method, is alled the zero point energy
orretion. One of the advantages of the GCM over the ATDHFB method is that it
avoids ambiguities of the quantization proedure.
Let us now add two omments. Firstly, the derivation of (4.28) is based on the
assumption that the spae with the metri tensor g is essentially at, whih means that
one an introdue suh variables that g is onstant. In some referenes, e.g. [91℄, it
is assumed from the very beginning that olletive variables do already have suh a
property. Seondly, the overlaps (4.26) an in priniple ontain imaginary terms linear
in α
′′−α′, whih would lead to extra rst order derivative terms in (4.28), see [21, 92℄.
It seems that the GCM formulae for mass parameters, whih in the ase of the Bohr
Hamiltonian were disussed for the rst time in [22℄, have never been used in pratial
alulations. There are two possible reasons for this. The rst one is their tehnial
omplexity as ompared to the ranking inertial funtions of the ATDHFB method.
The seond one is the known deieny of the simplest version of the GCM, whih an
be easily seen in the ase of the translational motion, for whih the GCM fails to give
the orret mass. This deieny an be amended by onsidering a riher set of test
funtions with the so alled onjugate parameters. The even more sophistiated version
of the GCM presented in [93, 91℄ leads to the inertial funtions whih are the same as
those in ATDHFB and to the potential energy ontaining the ZPE terms, see also [94℄.
4.3. Appliation to the Bohr Hamiltonian ase
Studies on the mirosopi foundation of the Bohr Hamiltonian have a long history.
In fat they were an important stimulus for the development of the ATDHFB method
(see [6℄ and [15℄, where the general mirosopi formulae for the inertial funtions and
potential energy entering the Bohr Hamiltonian were obtained). The rst attempt to
apply these results to the real nulei (in the W-Pt region) and to ompare them with
experimental data was performed by Kumar and Baranger in [95℄, see also [74℄. They
used a spherial mean eld potential plus a separable quadrupole-quadrupole interation
and the seniority (onstant G) pairing. In the following years their quadrupole+pairing
model has been applied to several regions of nulei, to ite only the most reent papers
[96, 97℄.
The seond attempt, based on a piture of nuleons moving in a deformed single-
partile Nilsson potential was presented in [98, 99℄. The olletive potential energy
was alulated by means of marosopi-mirosopi method using the Strutinsky shell
orretion method. More reently this model has been extended by an approximate
inlusion of the eets of pairing vibrations [77, 100, 82℄.
There are several tehnial diulties, inluding a substantial omputational eort,
if one wishes to apply the theories presented in previous subsetions to the ase of a
nulear mean eld obtained self-onsistently from realisti eetive interations, e.g. of
the Gogny or Skyrme type. The rst results with the Gogny fore (GCM+GOA) were
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announed in [101℄, but more extensive alulations were done only in the 90's [102, 78℄,
see also more reent [103, 104℄. The Skyrme interation was used in the framework of
the ATDHFB in [76℄, and next, in a more extended way in [105, 106, 107℄. Let us also
mention the papers [108, 109℄, where the Skyrme fore (with GCM+GOA) was used with
an interesting, although somewhat simplied treatment of the Bohr Hamiltonian. In
addition, reent years brought appliations of the RMF to desribe quadrupole olletive
states [110, 111℄. The range of nulei studied in the ited papers is quite wide: from the
krypton isotopes to transatinides.
An important advantage of the mirosopi approahes is a lear physial
interpretation of the quadrupole variables, whih in most ases are simply proportional
to the omponents of the quadrupole tensor of the mass distribution, that is in the
laboratory frame
α2µ ∼ 〈Φ|Q(mass)2µ |Φ〉 (4.37)
with
Q
(mass)
2µ =
A∑
i=1
r2i Y2µ(θi, φi) (4.38)
where the sum runs over all nuleons and A is the mass number. A slightly dierent
model is the one studied in [98, 99℄, where the olletive variables desribe an ellipti
deformation of the single partile potential. In the intrinsi frame, instead of Q
(mass)
2µ ,
one often uses the Q0, Q2 operators:
Q0 =
A∑
i=1
(3z2i − r2i ) =
√
16π/5Q
(mass)
20 (4.39a)
Q2 =
A∑
i=1
√
3(x2i − y2i ) . (4.39b)
The intrinsi oordinates (a0, a2) and (β, γ) (see (2.5a), (2.5b), (2.6)) are given by the
mean values of the Q0, Q2 operators
a0 = β cos γ = cq0 = c〈Φ|Q0|Φ〉 (4.40a)
a2 = β sin γ = cq2 = c〈Φ|Q2|Φ〉 (4.40b)
with the oeient c onventionally hosen as
c =
√
π/5/Ar2 (4.41)
to get some orrespondene with phenomenologial models (see e.g. [42℄). For r2 the
liquid drop model estimate
3
5
(r0A
1/3)2 with r0 = 1.2 fm, is usually adopted.
All mirosopi theories start with BCS-type states onstruted in the intrinsi
frame whih are subsequently rotated to a desired orientation. In the self-onsistent
theory a set of states parametrized by the quadrupole variables q0, q2 (or equivalently
β, γ) is obtained from the HFB alulations with onstraints on the mean values of Q0
and Q2 operators
δ〈Φ|Hmicr − λ0Q0 − λ2Q2|Φ〉 = 0 (4.42)
〈Φ|Q0|Φ〉 = q0, 〈Φ|Q2|Φ〉 = q2 . (4.43)
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For the xed values of q0, q2 the states |Φ〉 in the intrinsi frame should be invariant
against the disrete symmetry group D2 ⊂ O, whih is generated by rotations by π
around three orthogonal axes. This property is obvious if one realls that suh rotations
do not hange the values of q0 and q2. An extensive analysis of the onsequenes
of this and other symmetries for various quantities of the mean eld theory an be
found in [112, 113℄. Equation (4.42) is solved numerially by expanding the BCS-type
states in a properly onstruted basis. The basi ingredient of suh a onstrution are
the eigenstates of the three-dimensional harmoni osillator in Cartesian [114, 111℄ or
ylindrial oordinates [115℄.
Several properties of the kineti part of the Bohr Hamiltonian in the intrinsi frame,
e.g. the blok struture of the inertia tensor, an be inferred from the general theory
 see formulae (3.5), (3.6). However, in view of the approximations adopted, it is
instrutive to prove these properties diretly using the denitions of inertial funtions
given in setion 4.1. We sketh the proof for the ATDHFB inertial funtions in the
Appendix B, for the GCM+GOA ase f [22℄.
In the intrinsi frame the rotational part of the olletive spae is idential with
the SO(3) group. For the tangent spae (in the dierential geometry sense) of the
SO(3) group it is more onvenient to use a basis determined by the group struture
itself, onsisting of elements of the Lie algebra (in other words the angular momentum
operators), rather than the usual oordinate basis (e.g. derivatives with respet to the
Euler angles). The rotational part of the Hamiltonian (see (3.4)) is then expressed in
terms of the olletive angular momentum operators and the moments of inertia. The
dependene of the BCS-type state |Φ(β, γ, ϕ, ϑ, ψ)〉 on the Euler angles is expliitly
known (see Appendix B), and if the TV term is negleted, one arrives at the Inglis-
Belyaev formula for the moment of inertia
Ik = ~
2
∑
µ,ν
|〈ν|Jk|µ¯〉|2(uµvν − uνvµ)2
(Eµ + Eν)
(4.44)
where Jk is the angular momentum operator in the Fok spae. Note that the sum in
(4.44) is over the whole one-partile spae basis.
The vibrational parameters are a bit more ompliated, even if the TV orretion
term is negleted. To nd them one an use (4.23) but the derivatives of ρ and κ have to
be in this ase alulated numerially, see papers [89, 105℄, where parameters obtained in
this way were alled theMP masses. More frequently, another approximation is adopted,
whih onsists in using (4.25) but negleting the derivative of ∆. The derivatives of R0
with respet to the Lagrange multipliers λi an be then alulated as
fλi,µν =
sν
Eµ + Eν
〈µ|Qi|ν¯〉(uµvν + vµuν) (4.45)
and next the derivatives of qi with respet to λj
∂qi
∂λj
=
∑
µ,ν
〈µ|Qi|ν¯〉〈ν¯|Qj |µ〉
(Eµ + Eν)
(uµvν + uνvµ)
2 . (4.46)
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As a result, one gets the widely used formula for the vibrational inertial funtions
Bqiqj = ~
2(S−1(1)S(3)S
−1
(1))ij (4.47)
where S(n) denotes the 2× 2 matrix
(S(n))ij =
∑
µ,ν
〈µ|Qi|ν¯〉〈ν¯|Qj |µ〉
(Eµ + Eν)n
(uµvν + uνvµ)
2 . (4.48)
The indies µ, ν in (4.44), (4.46), (4.48) run over all one-partile basis states, but in
many ases, due to symmetry properties, their range an be limited to half of the basis,
so one should take are when omparing formulae in various papers. The transition to
the inertial funtions for β and γ variables, entering e.g. (3.12) is straightforward. Note
also that the symmetry properties of these funtions, whih an be inferred from the
disussion of the symmetri quadrupole bitensors in setion 2.3, provide useful tests for
orretness of numerial alulations.
Let us make one remark about the two kinds of nuleons. As long as one does not
onsider the proton-neutron pairing, the state |Φ〉 (see (4.42)) is a produt of the BCS-
type states for protons and neutrons and onsequently the ATDHFB mass parameters
are simply the sum of the orresponding parameters for protons and neutrons.
One the mass parameters and the potential energy are determined, the eigenvalue
problem of the Bohr Hamiltonian is solved numerially yielding the olletive wave
funtions and energies, whih an be ompared diretly with experimental data. The
wave funtions are then used to alulate matrix elements of olletive eletromagneti
transition operators, primarily of the E2 operator, whih in the mirosopi approah is
equal to
q
(charge)
2µ = 〈Φ|e
∑Z
i=1 r
2
i Y2µ(θi, φi)|Φ〉 (4.49)
with the sum over protons only, and has the struture disussed in setion 3.2. On
the experimental side, modern tehniques provide a large amount of data about the
eletromagneti transitions. In several ases not only transition probabilities are
measured but also relative signs of the matrix elements are determined, see e.g. [82℄. The
orret interpretation of rih experimental data is hallenging and provides a stringent
test of theoretial models.
A very general onlusion stemming from numerous papers on mirosopi
alulations of the Bohr Hamiltonian is that it leads to a good qualitative agreement with
experiment, orretly reproduing the main features of olletive spetra. These results
are remarkable, espeially if one remembers that they are obtained without any free
parameters tted to olletive quantities. At the quantitative level one nds, however,
several substantial disrepanies between the theory and measurement. For example,
quite often the theoretial spetrum is `strethed' ompared to the experimental one,
although the two are similar in their general patterns.
There are several possible reasons for suh disrepanies. A natural question
is what is the optimal nuleon-nuleon eetive interation in both partile-hole and
partile-partile hannels. As it is easily seen in the ase of the Skyrme fores, various
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parametrizations an lead to rather dierent potential energies. On the other hand the
inertial funtions are quite sensitive to the strength of the pairing interation. There
are also some open problems in the olletive part of the theory. Let us mention two
of them  the question of the Thouless-Valatin orretions and of the extension of the
olletive spae by inluding variables desribing pairing degrees of freedom. The TV
orretion in the ase of the moments of inertia an be estimated by performing ranked
HFB alulations as desribed in [78℄. A study of some test ases led to the onlusion
that on average the TV term inreases the moment of inertia by 30%. To aount for
this eet the onstant fator 1.3 was used in [78℄ to sale the moments obtained with
the Inglis-Belyaev formula. Muh less is known about the TV orretion in the ase of
vibrational parameters. There exist only old papers disussing the axial ase [88, 87℄,
where the reported eets, depending on the nuleon-nuleon interation, were of a size
omparable to those for moments of inertia. In our opinion, in order to respet the
symmetry onditions, when simulating the TV orretions in the simplied approah,
all inertial funtions, not only the moments of inertia, should be resaled by a onstant
multipliative fator. Suh a ommon fator, equal to 1.2, was used e.g. in [105℄. The
question of extending the olletive spae is disussed in setion 4.5.
4.4. Example of mirosopi alulations
The theory presented in the previous setions is now applied for twelve heavy even-even
nulei
178
Hf 
200
Hg. The onsidered hain of nulei provides a good example of a
transition from deformed axial (
178
Hf) to almost spherial (
200
Hg) nulei. Theoretial
results were obtained using the SLy4 version of the Skyrme interation [116℄ and the
onstant G (seniority) pairing. The inertial funtions and the potential energy entering
the Bohr Hamiltonian were alulated using the ATDHFB theory (the formulae (4.13),
(4.44), (4.47)). The general outline of alulations is similar to that of [105℄, where one
an also nd more about the basis we used and other numerial details. Here, however,
we do not use the saling fator disussed in the end of the previous subsetion. The
pairing strength was determined by omparing the `experimental' pairing gaps from the
ve point formula [117℄ for Hf and W isotopes with the minimal quasipartile energies
alulated for the deformation orresponding to the minimum of the potential. To get
the inertial funtions and olletive potential energy, the HF+BCS alulations with
linear onstraints on q0 and q2 were performed for 155 points forming a regular grid in
the sextant 0 < β ≤ 0.7, 0 ≤ γ ≤ 60◦, with the distane between points equal to 0.05
and 6◦ in the β and γ diretion, respetively.
A sample of the results is presented below. Figures 24 show the olletive potential
energy relative to that of the spherial shape for three nulei:
178
Hf,
190
Os and
200
Hg.
The inertial funtions Bββ , Bβγ, Bγγ, Bx,y,z are plotted in gures 5 and 6 for the
190
Os
nuleus only. They exhibit quite strong dependene on the β, γ variables and dier
signiantly from the funtions adopted in most of the phenomenologial models, in
whih Bββ=Bγγ=Bx,y,z=B and Bβγ = 0 (i.e. in whih there is only one onstant
Bohr olletive Hamiltonian 37
-10
-5
-5
0
5
10
0˚
10˚
20˚
30˚
40˚
50˚
60˚
0 0.1
0.2
0.3
0.4
0.5
0.6
0.7
0˚0
V[MeV]
178Hf, SLy4, sen 
β
γ
0˚0
0˚
10˚
20˚
30˚
40˚
50˚
60˚
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-
10
-
5
0
5
10
15
Figure 2. Potential energy (relative to that of the spherial shape) for the
178
Hf
nuleus alulated using the SLy4 Skyrme interation plus the onstant G pairing.
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Figure 3. Potential energy for the
190
Os nuleus, see also aption to gure 2.
mass parameter B). Next, the seleted theoretial energy levels and the E2 transition
probabilities are ompared with experimental data taken from [118℄. The levels are
labelled with their spin I and the number k for a given spin as Ik. Figure 7 shows the
levels 21 and 41 belonging to the ground state band and the levels 22 and 02, whih are
often treated as bandheads of the quasi γ and β bands. The redued probabilities of two
transitions within the g.s. band, namely 21 → 01, 41 → 21 as well as of two inter-band
transitions 22 → 01 and 22 → 21 are plotted in gure 8. Of ourse, the results shown
here and those not shown deserve a more detailed disussion whih we postpone to a
subsequent publiation. However, one should admit that an overall agreement between
the theory and the experiment seen in gures 7 and 8 is quite remarkable. It must be
stressed one more that the sole input for the alulations is the eetive nuleon-nuleon
interation without any additional parameters, eetive harges, et.
4.5. Extension of the olletive spae
We end this setion with a brief disussion of ideas onerning the extension of the
olletive spae to variables onneted with the pairing degrees of freedom. Some vague
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suggestions about suh possibility an be found already in [6, 15℄. In the simplest
version of the olletive approah to pairing, appropriate for the onstant G interation,
the pairing gap ∆, whih enters the formulae for the vµ, uµ oeients, is treated as
a variable and not a solution of the BCS equations. In this way a family of states is
parametrized by ∆ and the ATDHFB [44℄ or the GCM+GOA [22, 92℄ methods allow to
obtain the olletive pairing Hamiltonian. The ase of the state dependent pairing needs
a slightly dierent denition of a olletive variable instead of ∆, see e.g. [119℄. Usually
one also onsiders a seond variable, the gauge angle, whih is used to implement the
projetion on a xed number of partiles. An important onsequene of the olletive
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Figure 7. Lowest olletive energy levels for
178
Hf 
200
Hg nulei. Upper panels:
21 and 41 levels in the g.s. band. Lower panels: 22 and 02 levels. Experimental data
taken from [118℄.
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Figure 8. Seleted B(E2) transition probabilities (in W.u.) in the 178Hf 
200
Hg nulei. Upper panels: transitions within the ground state band, lower panels:
22 → 0g.s. and 22 → 2g.s.. Note the dierent sales in various panels. Experimental
data taken from [118℄.
treatment of the pairing is that one gets probability distributions in the ∆ variable
(oming from eigenfuntions of the olletive pairing Hamiltonian) instead of a single
value of the pairing gap. It is well known that values of the inertial funtions entering the
Bohr Hamiltonian strongly depend on the value of the pairing gap. Hene it is important
to estimate the inuene of the extension of the olletive spae on the spetrum and
other properties of the Hamiltonian.
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If both quadrupole and pairing variables are ombined, the resulting extended
olletive spae is nine dimensional (four pairing variables for two kinds of nuleons).
In priniple one an use the methods from setions 4.1 or 4.2 to onstrut the olletive
Hamiltonian also in this ase [119℄. However, a full analysis of suh Hamiltonian would
be very diult so that one must resort to some approximations [77, 119℄. Firstly, the
terms whih expliitly ouple quadrupole and pairing variables are negleted. Seondly,
the ground state of the pairing part of the Hamiltonian is determined to get the
probability distribution in the ∆ variable (for both protons and neutrons). In [77, 100℄
the inertial funtions of the Bohr Hamiltonian were alulated using the value of the
pairing gap orresponding to the maximum of the distribution while in [119℄ the inertial
funtions obtained for various values of ∆ were averaged with the weight given by this
distribution. Results of the ited papers show that the olletive treatment of pairing
an bring signiant hanges in the energy spetrum, but more extensive studies (also
on more onsistent methods of determining the pairing strength) are still needed.
5. Summary
The Bohr olletive model was originally invented to desribe quadrupole osillations
of nulear surfae in the spherial nulei. It has been subsequently developed and
suessfully applied to the desription of the quadrupole olletive exitations in various
deformed nulei. The Bohr Hamiltonian an be treated either at the phenomenologial
level or an be derived from a mirosopi many-body theory. In the present review
we have leaned towards the latter treatment of the Bohr model. Mirosopi theories
give, as a rule, quite ompliated olletive Hamiltonians whih are determined by a
number of funtions of the dynamial variables rather than by a number of parameters
as it used to be in the phenomenologial approahes. Therefore, it is important to
study the most general under some natural onditions, form of the Bohr Hamiltonian.
The basi assumption of the Bohr olletive model is that the dynamial variables form
a real eletri quadrupole tensor. The detailed analysis of the isotropi tensor elds,
presented in this review, allows us to study the tensor struture of various ingredients
of the general Bohr olletive model. Its spei version is determined by several salar
funtions. The olletive Hamiltonian is dened by the six salar inertial funtions,
the salar weight and the (obviously salar) potential  eight salar funtions of two
salar variables altogether. To dene other olletive observables we still need a number
of additional salar funtions. The knowledge of the universal tensor struture of the
olletive wave funtions allows us to express them also through salar funtions spei
for a denite eigenstate of a given Hamiltonian.
The salar funtions dening the model an be alulated in the framework of a
mirosopi theory. In pratie it is the omponents of the inertial bitensor rather
than the salar inertial funtions themselves that are alulated. There are the two
fundamental methods to obtain the Bohr Hamiltonian from the many-body theory.
One is the Adiabati Time Dependent Hartree-Fok-Bogolyubov approah whih, sine
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it treats the olletive motion as the lassial motion of a wave paket, gives the
lassial and not the quantum Hamiltonian. Quantization of the lassial Hamiltonian
obtained in this method an lead to an ambiguity in the olletive potential. The
other method is provided by the Gaussian Overlap Approximation of the Generator
Coordinate Method. It diretly gives the quantum seond order dierential olletive
Hamiltonian (without the Gaussian Overlap Approximation the Generator Coordinate
Methods leads to integral equations). Both methods mentioned above an be applied
to dierent mirosopi models. A whole range of the nulear many-body theories
are available: the phenomenologial mean eld models with dierent single-partile
potentials suh as the Nilsson or the Woods-Saxon ones, the self-onsistent approahes
with the Skyrme or the Gogny eetive nuleon-nuleon fores and the Relativisti Mean
Field theory. The presented example of appliation of the reviewed approah to the
178
Hf

200
Hg nulei shows that the Bohr Hamiltonian derived from the eetive interation
is a very useful tool for explaining nulear olletive properties. In addition, having
the Bohr Hamiltonian obtained from the mirosopi theory, one an try to examine
another question whih reently attrated attention, that is of the possible foundations of
phenomenologial models inspired partly by the Interating Boson Model [67, 66℄. This
would require, however, a more extensive and detailed disussion whih goes beyond the
sope of the present review.
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Appendix A. Spherial tensors and tensor elds
In the nulear olletive models the operands are most often tensors under the O(3)
group of orthogonal transformations in the three-dimensional physial spae. The
models employ tensor elds suh as potentials, inertial funtions, et., whih are usually
isotropi funtions of the dynamial variables. Here, in order to x the notions and
notation, we ollet the denitions and properties of quantities and operations appearing
in the theory of spherial tensors. We also briey present the struture of the isotropi
tensor elds, whih is not so widely known.
Appendix A.1. Spherial tensors
A set of 2λ + 1 ovariant omponents αλµ with projetions (magneti numbers) µ =
−λ, −λ+ 1, . . . , λ− 1, λ, representing an objet (a -number, an operator, et.) αλ in
a three-dimensional oordinate system U, forms the SO(3) irreduible spherial tensor
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of rank λ if
α′λµ′ =
λ∑
µ=−λ
Dλ∗µµ′(ϕ, ϑ, ψ)αλµ (A.1)
where α′λµ′ are the omponents representing the same objet αλ in the oordinate system
U
′
rotated with respet to U by the Euler angles ϕ, ϑ, ψ, and Dλµ′µ(ϕ, ϑ, ψ) are the
Wigner funtions (rotation matries) [34, 36℄. The Wigner funtions dened in [34℄
are omplex onjugate of those of Bohr and Mottelson [36℄. In nulear physis the
onvention of Bohr and Mottelson is most widely used and we adopt it in this work.
We do not quote here various useful properties of the Wigner funtions as they an be
found easily for instane in [34℄. Only integer ranks λ are onsidered here.
In the speial ase of a rotation by the Euler angle ϕ with ϑ = 0, ψ = 0 (i.e. of a
rotation about z-axis) formula (A.1) redues to
α′λµ′ =
∑
µ
e−iµϕδµµ′αλµ (A.2)
A tensor whose only nonvanishing omponents is αλ0 (i.e. αλµ = 0 for µ 6= 0) is invariant
under suh rotations, and an be alled the axially symmetri tensor (z is the symmetry
axis). In general, a SO(3) tensor transforming under rotations as in (A.1), does not
have a denite transformation rule under the inversion of the oordinate system, whih
supplements the rotations to the O(3) group. However, every SO(3) tensor an be
deomposed into the two terms
αλµ = α
(E)
λµ + α
(M)
λµ (A.3)
alled the proper (polar or eletri) and the pseudo- (axial or magneti) tensor,
respetively, with the following transformation properties:
α
(E)
λµ
′′
= (−1)λα(E)λµ (A.4)
and
α
(M)
λµ
′′
= (−1)λ+1α(M)λµ (A.5)
where the double prime denotes the omponents of the orresponding tensors in the
oordinate system U
′′
whose axes are reeted with respet to those of U. The sign
fators on the right-hand sides of (A.4) and (A.5) are the parities. Further below, the
supersripts (E) or (M) will be omitted when the parity is not relevant. In general, the
omponents αλµ are omplex numbers. However, in physial appliation most frequently
real spherial tensors appear whose omponents are determined by 2λ+1 real numbers
up to a single phase fator. More preisely, the omplex omponents of suh tensors
satisfy the following relations
α∗λµ = e
2iδ(λ)(−1)−µαλ−µ. (A.6)
Relations (A.6) are preserved by the transformations (A.1). In the following the ommon
phase is set to zero (δ(λ) = 0) as in the ase of the standard spherial harmonis Yλµ.
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Equation (A.6) suggests that the tensor αλ an be presented in the following form:
αλ0 = aλ0 αλµ =
1√
2
(aλµ + ibλµ) αλ−µ =
(−1)µ√
2
(aλµ − ibλµ) (A.7)
for µ > 0. Thus, the tensor αλ is indeed determined by the 2λ + 1 real numbers: the
real and imaginary parts, aλµ (µ = 0, 1, . . . , λ) and bλµ (µ = 1, . . . , λ), respetively, of
the omplex omponents αλµ for µ ≥ 0.
Coupling two real tensors, αλ and χκ, of ranks λ and κ and the zero phases in the
following way
[αλ × χκ]LM =
∑
µν
(λµκν|LM)αλµχκν , (A.8)
where (λµκν|LM) is the Clebsh-Gordan oeient, one obtains a real tensor of rank L,
where |λ−κ| ≤ L ≤ λ+κ, alled an irreduible tensor produt. Its phase is determined
by the relation
[αλ × χκ]∗LM = (−1)L−M−λ−κ[αλ × χκ]L−M . (A.9)
The salar produt of the two real tensors of the same rank, αλ and χλ, is dened as
(αλ · χλ) = (−1)−λ
√
2λ+ 1[αλ × χλ]00. (A.10)
It is also onvenient to formally introdue the ontravariant omponents α µλ of a
tensor αλ by relation
α µλ = α
∗
λµ. (A.11)
The salar produt an then be written as
(αλ · χλ) =
∑
µ
(−1)µαλµχλ−µ =
∑
µ
αλµχ
∗
λµ =
∑
µ
αλµχ
µ
λ . (A.12)
The square of a tensor αλ expressed in terms of the variables aλµ and bλµ reads
(αλ · αλ) =
λ∑
µ=0
a2λµ +
λ∑
µ=1
b2λµ. (A.13)
This shows that aλ's and bλ's an play the role of the Cartesian oordinates in the
(2λ+ 1)-dimensional Eulidean spae, whose volume element is
dΩ =
λ∏
µ=0
daλµ
λ∏
µ=1
dbλµ. (A.14)
Let this Eulidean spae be innite, i.e. −∞ < aλµ, bλµ < ∞ for all µ's. The salar
produt in the Hilbert spae HΩ of funtions of the Cartesian oordinates aλµ, bλµ is
dened in the usual way by
〈Ψ|Φ〉 =
∫
Ψ∗(aλ, bλ)Φ(aλ, bλ)dΩ. (A.15)
The integral is over the whole spae.
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Apart from the spherial tensors, the bitensors or matries with tensor indies also
appear in the olletive models. The spherial bitensor is dened in a similar way as
the tensor, namely
M ′λµ′,κν′ =
∑
µν
Dλ∗µµ′(ϕ, ϑ, ψ)D
κ∗
νν′(ϕ, ϑ, ψ)Mλµ,κν (A.16)
where Mλµ,κν and M
′
λµ′,κν′ are the omponents of the bitensor Mλ,κ in the oordinate
systems U and U
′
, respetively. The bitensor Mλ,κ an always be deomposed into a
number of tensors T
(λκ)
LM of ranks L, where |λ− κ| ≤ L ≤ λ+ κ, as follows:
Mλµ,κν =
∑
LM
(λµκν|LM)T (λκ)LM . (A.17)
If a matrix of the bitensor Mλ,λ is symmetri the summation in (A.17) is restrited to
even L's. The salar produt of a bitensor Mλ,κ and a tensor ακ is dened similarly to
(A.12)
(Mλµ,κ · ακ) =
∑
ν
(−1)νMλµ,κ−νακν =
∑
ν
M νλµ,κ ακν (A.18)
(αλ ·Mλ,κν) =
∑
µ
(−1)µαλµMλ−µ,κν =
∑
µ
αλµM
µ
λ ,κν. (A.19)
The dierential operators¶
pˆλµ = −i~ ∂
∂aλµ
qˆλµ = −i~ ∂
∂bλµ
(A.20)
are Hermitian in HΩ and play the role of the momenta anonially onjugate to the
oordinates sine they fulll the following ommutation relations
[aλµ, pˆλν ] = i~δµν [bλµ, pˆλν ] = 0 [aλµ, qˆλν ] = 0 [bλµ, qˆλν ] = i~δµν . (A.21)
The ovariant tensor operator of momentum is dened as
πˆλµ =
1√
2
(pˆλµ + iqˆλµ) = −i~ ∂
∂α∗λµ
= −i~ ∂
∂α µλ
. (A.22)
The relations inverse to (A.7) have been used here to express the derivatives with respet
to αλµ through the derivatives with respet to aλµ and bλµ. The momentum tensor
Hermitian adjoint to πˆλµ is
πˆ†λµ =
1√
2
(pˆλµ − iqˆλµ) = −i~ ∂
∂αλµ
. (A.23)
It plays the role of the momentum tensor anonially onjugate to the oordinate tensor
αλ sine it fullls the following ommutation relation:
[αλµ, πˆ
†
λν ] = i~δµν . (A.24)
¶ Dierential operators ating in the Hilbert spae of funtions of variables aλµ, bλµ are denoted with
the hat throughout the paper.
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It follows from (A.1) that the Hermitian adjoint momentum operator (A.23) has the
transformation properties of the ontravariant and not the ovariant tensor in spite of
the onvention of notation of (A.11). Aording to the onvention (A.11)
πˆ µλ = i~
∂
∂αλµ
= −πˆ†λµ. (A.25)
Obviously, the momentum tensor is of the same parity as the onjugate oordinate
tensor. It is easy to hek that the dierential operator
Lˆ
(λ)
1µ = i(−1)λ
√
λ(λ+ 1)(2λ+ 1)
3
[αλ × πˆλ]1µ (A.26)
obeys the following ommutation relations:
[Lˆ
(λ)
1ν , αλµ] =
√
λ(λ+ 1)(λµ1ν|λµ+ ν)αλµ+ν (A.27)
and
[Lˆ
(λ)
1ν , πˆλµ] =
√
λ(λ+ 1)(λµ1ν|λµ+ ν)πˆλµ+ν . (A.28)
This means that Lˆ
(λ)
1µ is the angular momentum operator ating in the spae of funtions
of αλµ (f [34℄). The angular momentum (A.26) is always an axial vetor irrespetive
of the parity of αλ and πˆλ. Equations (A.26), (A.27) and (A.28) lead to the obvious
ommutation relations for the omponents of the angular momentum
[Lˆ
(λ)
1µ , Lˆ
(λ)
1ν ] = −~
√
2(1µ1ν|1κ)Lˆ(λ)1κ . (A.29)
Appendix A.2. Isotropi tensor elds
In ontinuum mehanis there appears the notion of an isotropi funtion of variables
whih are the omponents of a tensor (f [120℄). Roughly speaking, the funtion
is isotropi if no parameters with tensor properties (e.g. material tensors) enter
its denition. The isotropi funtions whih are tensors themselves, are alled the
isotropi tensor elds. The isotropi tensor eld TLM(αλ) of rank L obeys the following
transformation rule:
T ′LM ′(αλµ) = TLM ′(α
′
λµ) =
L∑
M=−L
DL∗MM ′(ϕ, ϑ, ψ)TLM(αλµ) (A.30)
where TLM and αλµ are the omponents of tensors TL and αλ in the original system U
whereas T ′LM ′ and α
′
λµ are the respetive omponents in the rotated system U
′
. Equation
(A.30) states that to transform the eld TLM(αλ) it is suient to transform its tensor
argument αλµ. It would not be so for a tensor eld whih is not isotropi.
The question arises to what extent the form of funtional dependene of the isotropi
tensor eld TLM (αλ) on the tensor αλ is determined solely by their tensor properties. To
answer this question we present below a sheme of onstruting an arbitrary spherial
tensor as a funtion of another spherial tensor. It turns out that for a given rank
λ there exists a nite omplete system of iλ irreduible (i.e. none of them an be
expressed rationally and integrally in terms of the others) elementary tensors εilm(αλ),
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i = 1, ..., iλ, of dierent ranks l. The highest omponents (m = l) of the elementary
tensors are alled the elementary fators [40℄. The elementary tensors are onstruted
by oupling suessively n tensors αλ to dierent l's, l < nλ:
εilm(αλ) ≡ ε(n)lm (αλ[c]) = [αλ × . . .× αλ︸ ︷︷ ︸
n
]
[c]
lm, (A.31)
where the symbol [℄, redundant in most ases, speies the oupling sheme. Tensor
αλ = ε
(1)
λ itself is an elementary tensor. The salar produt of two tensors αλ,
(αλ · αλ) = ε(2)0 as well as all other independent salars are the elementary fators.
Completeness of the system of elementary fators does not mean that relations between
them must not exist. On the ontrary, some relations between them, alled syzygies, do
exist. They take the form:
Sj(ε1ll, . . . , εiλl′l′) = 0 (A.32)
with j = 1, . . . , jλ, where Sj are some rational integral funtions. The number of
independent syzygies is nite and depends on the rank λ. It turns out that to obtain a
tensor of a given rank L, it is suient to align (i.e. to ouple to the maximal angular
momentum) the elementary tensors. The alignment of the elementary tensors means
the multipliation of the elementary fators (the relevant Clebsh-Gordan oeients
are all equal to 1). Beause of the existene of the syzygies (A.32), some of the aligned
tensors
[ε
(n)
l (αλ[c])× ε(n
′)
l′ (αλ[c
′])× . . .]L=l+l′+...
an be expressed rationally and integrally in terms of the others. Using the syzygies
the nite number kλL of independent aligned tensors τkLM(ε) with k = 1, . . . , kλL an
be found. These independent aligned tensors are alled fundamental tensors. This is
beause an arbitrary tensor eld of rank L, being the isotropi funtion of tensor αλ,
an always be written in the form:
TLM(αλ) =
kλL∑
k=1
fk(ε0)τkLM(ε) (A.33)
where argument ε0 of fk stands for all independent salars. Salar funtions fk an be, in
general, arbitrary. However, the form of some of fk an be restrited. For instane, some
salar ε0 annot appear in it in too high power. This is beause a syzygy an make the
expression (εi00)
n(εi′ll)
n′
for some i, i′, n and n′ dependent on other elementary fators.
When αλ has the positive parity, an arbitrary eld of the form (A.33) has obviously
the positive parity as well. However, when αλ has the negative parity, the eld TL has,
in general, no denite parity. To deompose it into the parts of the positive and the
negative parity, the parities of the salars and the fundamental tensors should be taken
into aount. This an easily be done by notiing that the parity of an elementary tensor
ε
(n)
l ([c]) is (−1)n.
A justiation of the proedure presented above an be traed bak to the theory
of ovariants of algebrai forms given by Dikson [121℄, whih, however, uses dierent
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notions than these used in the present paper. Let us sketh the main points of this
theory (f [122, 37℄). Let the binary (in variables x1, x2) 2λ-i (of order 2λ) algebrai
form be
F2λ(x1, x2;αλ−λ, . . . , αλλ) =
λ∑
µ=−λ
(
2λ
λ− µ
)1/2
αλµx
λ+µ
1 x
λ−µ
2 (A.34)
with a set of oeients (αλµ, µ = −λ, . . . , λ). Changing in (A.34) the variables by a
linear non-singular transformation
xi =
2∑
k=1
Aikyk (A.35)
where i = 1, 2, one obtains
F2λ(x1, x2;αλ) = G2λ(y1, y2;αλ) =
λ∑
µ=−λ
(
2λ
λ− µ
)1/2
χλµ(αλ)y
λ+µ
1 y
λ−µ
2 (A.36)
with a new set of oeients (χλµ, µ = −λ, . . . , λ). The 2l-i form
H
(n)
2l (x1, x2;αλ) =
l∑
m=−l
(
2l
l −m
)1/2
h
(n)
lm (αλ)x
l+m
1 x
l−m
2 ,
(A.37)
suh that
H
(n)
2l (y1, y2;χλ) = (det(Aik))
wH
(n)
2l (x1, x2;αλ) (A.38)
is alled a (homogeneous) ovariant with the weight w of F2λ. Coeients h
(n)
lm are
homogeneous polynomials of order n (alled the degree of the ovariant) suh that
λn = l+w. For l = 0 the form H
(n)
0 = h
(n)
00 is alled an invariant of F2λ. The polynomial
in front of the highest power of x1 in (A.37), h
(n)
ll , is alled a semi-invariant of F2λ.
It an be shown in the theory of ovariants of algebrai forms that any ovariant an
be expressed rationally and integrally in terms of a nite, irreduibly omplete set of
ovariants, whih an be related rationally and integrally to eah other by a nite system
of independent syzygies (Gordan-Hilbert Finiteness Theorem, see [122℄). The number
of the basis ovariants for a few lowest λ's is listed in [37℄.
It remains to answer the question of what the ovariants of algebrai forms have in
ommon with the tensor elds being funtions of tensors. It turns out that the semi-
invariant h
(n)
ll (αλ) forms the omponent of the highest projetion of a tensor eld of rank
l depending on the tensor of rank λ (the highest weight of an irreduible representation of
SO(3) embedded in an irreduible representation of SU(2λ+1)). The other polynomials
h
(n)
lm (αλ) in (A.37) are the remaining omponents of the same tensor. A proof of this
statement is demonstrated briey in referene [123℄. Construtive proofs of the form
(A.33) an be arried through by expliitly onstruting a basis in the spae of funtions
of αλ and showing that it has the struture as in (A.33). In the ase of λ = 1 it is well
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known from textbooks of quantum mehanis that an arbitrary tensor eld of rank L
whih is a funtion of the position vetor r takes the form:
TLM(r) = fL(r)YLM(
r
r
) (A.39)
where r2 = r·r and YLM is the orresponding spherial harmoni. From (A.39) it is seen
immediately that in the ase of λ = 1 there are the two elementary tensors (i1 = 2),
namely the vetor r and the salar r2, and no syzygy (j1 = 0). Moreover, for every
given L there is only one fundamental tensor (k1L = 1) of the form [34℄:
τLM(r) = [r × r × . . .× r︸ ︷︷ ︸
L
]LM ∝ rLYLM(r
r
). (A.40)
Construtions of the osillator bases in the ases of λ = 2 (see [42℄ and referenes quoted
therein) and λ = 3 [123℄ have been also performed onrming the form (A.33).
Appendix B. Properties of the ATDHFB inertial funtions in the intrinsi
frame
Appendix B.1. (In)dependene on the Euler angles.
In this Appendix the three Euler angles (ϕ, ϑ, ψ) will be ompatly denoted as ϕ or ϕj,
j=1, 2, 3. The BCS-type states depending on the deformation and the Euler angles ϕ
are onstruted as U(ϕ)|Φ(q)〉 where |Φ(q)〉 is the BCS state in the intrinsi frame and
q stands for any of the pairs of the deformation variables: (a0, a2), (q0, q2) or (β, γ).
U(ϕ) is the rotation operator in the Fok spae. The argument ϕ will sometimes be
dropped for the sake of brevity. The density matrix R0(q,ϕ) an be written as
R0(q,ϕ) = UR0(q)U+ (B.1)
where
U =
(
u 0
0 u∗
)
. (B.2)
u is a matrix of U(ϕ) in a xed basis of the one-partile spae. It fullls the relation
U+d+µU =
∑
ν
u∗µνd
+
ν . (B.3)
Equation (B.1) an be derived as follows (the (11) blok of the R0 is taken as an
example):
(R110 (q,ϕ))mn = 〈UΦ(q)|d+n dm |UΦ(q)〉 = 〈Φ(q)|U+d+nUU+dm U |Φ(q)〉 =
=
∑
jk
u∗njumk〈Φ(q)|d+j dk |Φ(q)〉 = (uR110 (q)u+)mn . (B.4)
Now we show that the ATDHFB inertial funtions do not depend on the Euler
angles. To alulate the vibrational funtions Bqiqk one needs the derivatives ofR0(q,ϕ)
with respet to the deformation variables. It is easy to show that the derivatives
an be written analogously to (B.1), i.e. ∂qjR0(q,ϕ) = U∂qjR0(q)U+. The same
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is true for Rk1(q,ϕ) in view of (4.8) and the properties of the indued self-onsistent
HamiltonianW. Consequently, all vibrational funtions (whih are proportional to the
trae Tr2d(R
k
1[∂qjR0,R0])) do not depend on the Euler angles.
The rotational funtions deserve a detailed treatment. Derivatives of R(q,ϕ) with
respet to the Euler angles ϕj are equal
∂ϕjR11mn(q,ϕ) = 〈∂ϕjUΦ(q)|d+n dm|UΦ(q)〉+ 〈UΦ(q)|d+n dm|∂ϕjUΦ(q)〉 = (B.5)
= 〈U−1∂ϕjUΦ(q)|U+d+n dmU |Φ(q)〉+ 〈Φ(q)|U+d+n dmU |U−1∂ϕjUΦ(q)〉 = (B.6)
= (uR˜110,j(q,ϕ)u+)mn (B.7)
where
(R˜110,j)mn(q,ϕ) = 〈Φ(q)|d+n dm|U−1∂ϕjUΦ(q)〉+ h.c. (B.8)
The operator U−1∂ϕjU an be expressed in terms of the generators of the rotation group
U−1∂ϕjU =
∑
k
Pkj(ϕ)Yk (B.9)
where P (ϕ) is the universal (i.e. the same for all representations of the rotation group)
matrix
P =

 − sin ϑ cosψ, sinψ, 0sinϑ sinψ, cosψ, 0
cosϑ, 0, 1

 (B.10)
and Yk = −iJk/~, where Jk are omponents of the angular momentum operator in the
Fok spae. Finally
R˜110,j(q,ϕ) =
∑
k
Pkj(ϕ)uF11k (q)u+ (B.11)
where the matries
(F11k (q))mn = −i~−1〈Φ(q)|d+n dmJk|Φ(q)〉+ h.c. (B.12)
do not depend on the Euler angles. Of ourse, all the bloks of the R˜0,j(q,ϕ) matrix
exhibit the same dependene on the Euler angles. Moreover, the matries R1 behave in
an analogous way, that is
Rl1 = ϕ˙l
∑
r
Prl(ϕ)UZr(q)U+ (B.13)
where Zr(q) do not depend on the Euler angles.
Taking into aount that the angular veloity in the body xed frame is given by
ωj =
∑
k
Pjkϕ˙k (B.14)
the rotational lassial Hamiltonian an be written as
Hcl,rot =
1
2
∑
kj
Ikjωkωj (B.15)
with
Ikj =
i~
2
Tr2d(Zk[Fj ,R0]) (B.16)
whih obviously do not depend on the Euler angles.
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Appendix B.2. Blok struture of the inertia tensor in the intrinsi frame
Taking into aount the D2 symmetry of the |Φ(q)〉 state, one an prove the ATDHFB
inertial funtions give the lassial kineti energy whih has the form idential with that
of (3.4)
Hcl,kin = Hcl,kin,vib +Hcl,rot (B.17)
or, more preisely, that the vibration-rotational terms are absent and, moreover, that
Ikj = δkjIk . (B.18)
The sketh of the proof is as follows. The operators Sk = exp(−iπJk/~) are the
generators of the group D2 and invariane of the |Φ(q)〉 with respet to the D2 group
means that Sk|Φ(q)〉 = |Φ(q)〉, whih in the density matrix language an be rewritten
as SkR0S+k = R0. The onnetion between Sk and Sk is analogous to that between
U and U (f (B.1) to (B.3)). For the angular momentum in the Fok spae one has
S+k JjSk = Jj for k = j and S
+
k JjSk = −Jj otherwise. In onsequene, the matries Fj
and Zl have the same property, i.e. SkFjS+k = ±Fj. The formula (B.18) follows from
the denition (B.16) of Ikj and the properties of the trae. In a similar way one an
verify that the mixed vibration-rotational parameters Bqiϕj vanish.
If Hcl,rot (B.15) is treated as an expression for the metri tensor in the spae of
rotation matries and (B.18) is valid, the orresponding Laplae-Beltrami operator has
the form ∑
k
1
Ik
L˜2k (B.19)
where L˜k are the generators of the right regular representation of the SO(3) group. They
are proportional to the olletive angular momentum operators in the intrinsi frame,
f (2.15).
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